USAAVLABS TECHNICAL REPORT 66-21

MATHEMATICAL ANALYSIS OF THE LAMINATED ELASTOMERIC BEARING
' /

CLEARINGHOUSE
FOR FEDHRAL SCLENTIFIC AND
TECHNICAL INFORMATION

Hardcopy | Micrefiehe

'5‘.00 ' 075 /’?Opp;‘yx

b ARGHIVE COPY

May 1966

By

AD6387213

U. S. ARMY AVIATION MATERIEL LABORATORIES
FORT EUSTIS, VIRGINIA

CONTRACT DA 44-177-AMC-10(T)

THE FRANKLIN INSTITUTE
LABORATORIES FOR RESEARCH AND DEVELOPMENT
PHILADELPHIA, PENNSYLVANIA




Y

DEPARTMENT OF THE ARMY

U. S. ARMY AVIATION MATERIEL LABORATORIES
FORT EUSTIS. VIRGINIA 23804

The purpose of the effort reported herein was to develop a
mathematical model to assist in the design of laminated
elastomeric bearings. The approach of the study was based
upon the application of large-deformation elasticity and
viscoelastic mathematical theories. However, the complexity
of the large-deformation elasticity theory and the problems
associated with computer solutions of equations of linear or
classical elasticity for the particular bearing geometry and
for materials that are almost imcompressible were such that
this analytical work was discontinued.

Although the effort reported herein did not result in
attainment of the program objectives, the effort did result
in the development of analytical approximations to the
application of linear elastic theory and yielded results that
are readily applicable and very close to exact solutions

for bearings for light loads.

Future efforts by this command toward the development of
design formulae for laminated elastomeric bearings will be
limited to an experinental investigation approach.
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AL STRACT

The purpose of this study was the establishment of analytical design pro-
cedures for laminated elastomeric bearings. This 'was approached with
the application of the linear mathematical theory of elasticity and later
with nonlinear largedeformation elasticity theory.

The linear theory yielded analytical approximations that are close to exact
solutions and which are easily applied and evaluated. This analysis of one
typical lamination yields the distribution of stress and deformation in the
elastomer between ''rigid'' metal lamina. However, the limits of the
linear elasticity theory are exceeded for greater than small bearing loads,
indicating the need for the application of the more comprehensive large-

deformation elasticity theory.

The large-deformation theory was stated and the equilibrium equations
were derived, but the solution of these equations was not carried out.
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PREFACE

This report was prepared by The Franklin Institute Laboratories,
Philadelphia, Pennsylvania, for the U. S. Army Aviation Materiel
Laboratories under Contract DA 44-177-AMC-110(T).

The mathematical studies of the laminated elastomeric bearing presented
herein, which began in September 1963 and were concluded in December
1964, represent the sole effort of The Franklin Institute, for which Mr.

R. Clyde Herrick, Senior Research Engineer, Applied Mechanics Labora-
tory, was the principal investigator and author of this report. Acknowl-
edgment is made to Mr. T. Y. Chu for the considerable contribution of
the analytical approximations and computer solutions for the linear theory
of elasticity shown in Appendixes A, B, and C, and for the brief presen-
tation of pure torsion in large deformation elasticity shown in Appendix D.
Acknowledgment is also made to Dr. Barry Wolf for the many formulations
in large deformation elasticity leading to that presented in Appendix E and
for his contributions to the work in linear theory done in conjunction with
Mr. Chu. The contributions of Dr. Kishor D. Doshi and Zenons Zudans
are also noted.

This constitutes the final report covering the first application of the
mathematical theory of elasticity to the problem of design and laminated
elastomeric bearings.
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cylindrical coordinates

displacement in the radial, tangential and axial
directions, respectively
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SUMMARY

The purpose of this work was to establish a design procedure for lami-
nated elastomeric bearings based upon the application of large defor-
mation elasticity and viscoelastic mathematical theories. However, the
complexity of the large deformation elasticity theory and certain prob-
lems associated with computer solutions of the equations of linear or
classical elasticity for the particular bearing geometry and for materials
that are almost incompressible were such that this work could not be
completed.

In the course of this effort, analytical approximations to the application
of linear elasticity theory were developed that not only yield results

that are very close to exact solutions but are easily applied and evalu-
ated. However, these approximations are for linear «:lasticity theory,
the limits of which are exceeded for greater than very light bearing loads.
While not quantitatively applicable for bearings under full loads, they do
give much information concerning elastomer behavio- under light loads.

The equilibrium equations for large deformation elasticity theory in
cylindrical coordinates were stated for combined axial compression and
torsion, but were fully derived for the case of compression only.




CONCLUSIONS

While the objectives of the study were not reached, much useful knowledge
about the behavior of the elastomer in each lamination under load was
generated. The approximate theories, (a) for incompressible materials
and (b) for almost incompressible materials, are useful to indicate the
relative effect upon bearing performance of bulk modulus (compres-
sibility), ratio of inside diameter to outside diameter, and width-to-
thickness ratio. More important, much was learned with respect to
techniques for obtaining a useful solution of the nonlinearlarge-deformation
equations that is necessary to predict adequately the distribution of dis-
placement and stress within the bearing, especially along the bonded
surface under realistic loading conditions. The criginal beliefs that

1arge deformations are present within the elastomer even for very light
compressive loads were confirmed. But, although much is known as to
the behavior of the elastomer under load from the application of linear
elasticity theory, this must be conditioned with the statement that this is
qualitative and not quantitative for full loads.



INTRODUCTION

During the experimental development of the laminated elastomeric bearing
for low-temperature applications (Technical Documentary Report No.
ASD-TDR-63-769, prepared for Wright-Patterson Air Force Base, Ohio,
November 1963), the need for a mathematical analysis of the bearing
which would form the basis of a design method was recognized. Of
primary interest were the magnitude and distribution of shear and normal
stresses between the elastomer and the metal lamina. This was not only
to enable a designer to specify elastomers with adequate strength and
adhesive strength (at bond to metal lamina), but to determine the minimum
thickness of metal lamina that could be used. Only by a mathematical
analysis could the influence of compressive load, shear load (torsion),
ratio of outside diameter to inside diameter, width-to-thickness ratio,

and shear and bulk moduli of the elastomer be studied.

It was also anticipated that the deformations and strains within the
elastomer were large and that the more general mathematical theories
of elasticity would be required for an analysis, especially if the inter-
action of compressive load and bearing torsion observed in the experi-
mental development were to be studied. Linear or classical theory is
made linear by the assumptions that both deformation and strain are
infinitesimal, thereby removing the ability to study the interaction of
axial compression and torsion.

It was anticipated that in this study the state of stress and strain in the
bearing could be investigated sufficiently with the use of large-deformation
eiasticity and viscoelasticity theories and that a computer program could
be devised for the design of optimized bearing laminations for a given
application and loading conditiori.
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REVIEW OF EFFORT

When the present program was begun, the intention was to go directly

to large-deformation elasticity because it appeared that sufficient theory
was at hand. The intention was to use the linear or classical theory only
for guidance and to establish certain '"known points' in order to check
the large aciormation work.

Soon after the large-deformation formulation was begun, it was discovered
that a simplification could be made if it could be said that plane surfaces
in the elastomer parallel to the bonded boundaries remained flat planes
after deformation. Some preliminary work with the linear theory of
elasticity indicated that these surfaces did not remain flat planes at the
free edge where interest in stress and deformation is greater, and so

the formulation of the large-deformation problem was made more general.
By this time it was apparent that the equations for large deformations
would be made up of many terms and that solutions would be time con-
suming.

At this time during the program, it was believed that an investigation
should be made of the effects of small amounts of compressibility of the
elastomer upon the displacement pattern and consequently upon stress
magnitude and distribution. This was needed because the only consti-
tutive relations (stress-strain relations)that were immediately available
were the '""Mooney Relations'' (Reference 5) that were formulated for
incompressible rubber-like materials. No relationships were at hand for
compressible materials, because it seems that most rubber-like mate-
rials are used under such loading conditions that the hydrostatic component
of total stress is relatively small. Hence, volume compression is small
and may be neglected.

An investigation into the effect of small amounts of compressibility, using
classical elasticity theory, was then begun. First, the literature was
searched for solutions to similar elasticity problems (the problems of
compression of a cylinder with ends fixed for no radial displacement).
One similar problem (Reference 6) was discovered, and although the
boundary condition was that of no radial displacement at the outside edge
only, instead of along the whole bonded surface, it was believed that this
solution from the literature would be useful. However, although it was
an analytical solution, the effort necessary to extract information, even
by a computer, for various conditions proved to be considerable. It was

4
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much beyond the effort considered necessary to make an independent
solution of the equilibriunm. equations of elasticity for the real boundary
conditions (a bonded surface) by means of a digital computer. Therefore,
this latter approach was started.

The first choice was to solve the equations of a compressible material.
Appendix A shows the formulation of the equilibrium equations and the
complete computer program (in FORTR AN) for the iteration procedure

to yield deformations. In the theory of elasticity for homogeneous and
isotropic materials, two constants are necessary to describe the mate-
rial behavior. Of the sets of two constants that can be used, G, the

shear modulus, and v, Poisson's ratio, were chosen because the value
of Poisson's ratio reflects the relative amount of compressibility:

v =0.5 for incompressible materials, and v < 0.5 for compressible
materials. Since the equilibrium equations in terms of displacements
contain the coefficient 1/1-2v, which approaches infinity as v approaches
0.5, it was decided for the first solution that a moderately compressible
material, say, Y = 0.35, should be used. The value of ¥ could then be
increased to as close to 0.5 as possible in later solutions, after check-out
and proof of the iteration procedure. Except for some initial trouble

in programming finite-difference methods for the geometry of a very wide,
but thin, annulus, the iteration procedure worked well. However, on sub-
sequent trials, the iteration method would not converge to a re isonable
solution of Poisson's ratios greater than v = 0.4. After this was worked
with for a period of time, effort was stopped on this computer solution

for the compressible elasticity theory, and all furtner investigation of
compressible materials was accomplished with the use of an approximate
solution described below.

The next effort was the formulation of the equations for incompressible
elasticity theory and the computer solution thereof. This required a
completely new formulation because the coefficient, 1/1-2v, is infinite
for v = 0. 5. Consequently, the new formulation introduced a pressure
term (Reference 1, page 79, problem 4) in the displacement relations
instead of a volume compression term. Appendix B shows the derivation
of these partial differential equations and the FORTRAN program for the
solution by iteration,

The iteration scheme proved to be erratic. While effort was being made
to improve the convergence of the method, an effort was made concur-
rently toward an approximate solution, also shown in Appendix B. It

was not until some results of the approximate theory were used as the
starting values for iteration that convergence seemed probable. By this
time considerable effort had been expended upon this solution, because
the approach was contined inasmuch as each innovation introduced seemed

5

IS FORSUpE SEPY - e e e




to improve the results. The last computation made, of which partial
computer output is included in Appendix B, appears to have been converg-
ing as planned, although the convergence was very slow.

In the meantime, approximate solutions, both analytical and computer,

to the compressible cases of linear elasticity were investigated. It was
recognized that the exact solution of the partial differential equations of
equilibrium was not of major interest in this study but was only to guide
the formulation and solution of the large-deformation case. The search
for approximate solutions was fruitful. An analytical solution based upon
the linear theory of elasticity was derived, not only for the incompressible
case but for the compressible case as well; that is, flexible enough to
accept Poisson's ratios in the neighborhood of almost negligible compres-
sibility, v = 0.495 and v = 0. 499. These values represent the order of
magnitude of Poisson's ratios for elastomers of interest in the laminated
elastomeric bearing. These approximations for incompressible and com-
pressible theory are shown in Appendixes B and C, respectively.

Appendix C, for the approximate compressible theory, includes an
attempt made to solve equations (C-17a) and (C-17b) by computer, using
the Rung-Kutta-Gill method. The flow chart and computer program
(FORTRAN) are shown at the end of Appendix C. The computer solution
did not work, however, and the reason was discovered from the analytical
solution: the solution consisted of e** and e”X, with x assuming very
large values. Inasmuch as this approximate solution for compressible
materials, as shown by the analytical solution in Appendix C, was ob-
tained by applying the variational theorems of linear elasticity, it satis-
fies equilibrium approximately, and it satisfies the stress boundary
conditions on the average, that is, across the thickness.

Appendix D shows the derivation of equations, based upon large-deforma-
tion elastic theory, for the case of torsion only. This was done mainly
for investigation of the large-deformation problem of combined com-
pression and torsion. Note that it is infinitely less complex than the case
of large-deformation compression, as shown in Appendix E.

The real stumbling block in this study is the set of large-deformation
equations for axial loading (Appendix E). These involve constitutive
relations (stress-strain relationships) that are, as yet, not known for

the compressible case although they are generally known for the incom-
pressible case. The real problem is the size and complexity of the highly
nonlinear equations and the consequent lack of assurance that a solution

is the right solution. This is the basis of the desire to establish solutions
for light loads using classical elasticity, the establishment of a check
point.




RESULTS OF LINEAR THEORY

While the computer solutions did finally yield satisfactory results for the
incompressible case and for the compressible case where Poisson's ratio
was 0. 4 or less, these displacements or deformations were not trans-
lated into stress. By the time that it could have been done with reliable
computer solutions, the analytical approximations were available. These
yield a solution that is closer to the exact solution of the equations of
linear elasticity than the application of linear elasticity theory is to the
real bearing. Perhaps it should be mentioned here that the linear theory
of elasticity is believed to yield a very close approximation to elastomer
stress and deformation for light loads, but only for light loads, as will
be shown presently.

SOLUTIONS FOR INCOMPRESSIBLE ELASTOMERS

Results of the computer solution (Appendix A) for the compressible case
are not shown here because, for practical elastomers, the ratio of bulk
modulus to shear modulus is so very large that the behavior is more like
that of an incompressible material. While the computer solution in
Appendix A worked, it only worked for materials with a Poisson's ratio
up to 0.40. This is too low for elastomers of immediate interest.

Since meaninful results were obtained from the computer solution for an
incompressible material and since a useful approximation was also
derived, the results of the work shown in Appendix B are summarized
as follows:

1. By examining successive iterations, it was found that the iterative

procedure as programmed in Appendix B converges. The con-
vergence is much improved if the iterative procedure is started
with the results of the approximate solution, but it is still slow.
This is evidenced by the fact that the computer output shown in
Appendix B is from the 600th iteration, and certain inconsis-
tencies are still present at the inner and outer boundaries.
However, this disturbance is seen to exist at the free boundaries
and propagates only about one-half a thickness (2h) into the
bearing from either boundary; therefore, this was accepted as

a good solution.
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2. The influences of the boundaries r = r; and r = r, are manifested
only near those boundaries. Away from the bound. ies by, say,
5 thicknesses, the approximate solution and the computer coin-
cide. Thus, the approximate solution can be used to predict all
regions of the bearing except near the boundaries r = r; and r = rg.
These can be investigated by computer solutions using much
funer gridworks.

3. Within the limits of the linear theory of elasticity, which has
been grossly exceeded in the computer example, the analytical
approximation, as shown in equations (B-7) through (B-23), is
a very accurate method.

Figures 1 through 4 presernt data gained from the analytica' approximations.
Figure 1 shows for incompressible materials the relationship between
average pressure, width-to-thickness ratio, and ratio of axial displace-
ment to elastomer thickness. Thus, for

G = 80 psi (shear modulus)
To™h
T 250 (width-to-thickness ratio)
Yo
+ 0. 002 (ratio of axial deformation to
elastomer thickness),
then
P,ye = 125G = 10,000 psi.

However, from Figure 2, it is estimated that the associated maximum
shear strainis € ., = du/9z = 1.63. This strain is far beyond the limits
of the linear theory of elasticity because the linear theory is based on the
assumption that gu/ 9z is very small, as compared to 1. 0.

From Figure 3, a measure of what is meant by ''light loads'' associated
with linear elasticity theory can be obtained. Although 9u/8z = 0.2 is
still much beyond the values acceptable within the linear thecry of elas-
ticity, it is not sufficiently large to change the order of magnitude of the
results. Assume, then, that gu/9z = 0.2 is accepted. From Figure 3,
for a width-to-thickness ratio of 250, P, = 15.5 G. Thus, if G = 80 psi,
as for the silicone rubber used in previous programs, then average pre¢s-
sure is 1240 psi. A bearing of this geometry and these materials was
tested to an average pressure in excess of 40, 000 psi. The rubber did
not extrude or come unbonded, but the steel lamina broke. Thus, it is



known that elastomers with this geometry are capable of extreme pres-
sures and extreme shear strains.

For strains that are not excessively large, say, € ., = 0.2, a relationship
between average pressure and the maximum shear stress as derived from
the incompressible elastic approximation can be shown.

When
ro - ri wo
T = 250 and T = 0,00025,
then
ou _
and
J ve
=== s .

Shear stress is

rz rz
max
then
c’rz
max _ 0.4
15.5
and ave

max

This provides some measure of the relaticnship between shear stress and
average pressure, although the limits of linear elasticity have already
been exceeded at this strain level.

APPROXIMATE SOLUTION FOR COMPRESSIBLE ELASTOMERS

The approximation shown in Appendix C has also yielded convenient
expressions for the investigation of stress and displacement within the
elastomer of a lamination. These equations are summarized as
follows:

for o y use equation (C-47);
average

for o s use equation (C-48);
Zmax

———— . —— PRy .\ a VWP, At
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Z

for ratio o—-w, use equation (C-49);
Zavg

and g

rz
for ratio E——H—lg , use equation (C-50).

2z
avg

Figure 4 shows a comparison of data for compressible and incompressible
theory. The relative position of the curves indicates the influence of
various amounts of compressibility, although the exact placement of the
curves is not necessarily accurate because they have been calculated
from linear theory where the strains exceed those allowable.
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Figure 1. Average Pressure Versus Axial Compression
(Incompressible Elasticity Theory).
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Figure 2. Shear Strain Versus Axial Compression
(Incompressible Elasticity Theory).

12

RS g " ST 7 L < AR e T .. gl



‘(Aaxoayg L31o138%|q ?1q1ssaaduwoouj)
ureljs IeayS SNSIIA 3INSSIIJ dTFeiaay ‘¢ 2andr g

(oRs SomRam-or-uipim) —

oSt 00E 0s2 002 oS! ol

oS

| 09

107 2

o8

13

v,




e

v e

0.5

OrZmax /T 2Zqyg

008 —

0.0 —

\— v =0495

/— V=0499

/—v = /o (INCOMPRESSIBLE )

1.50

o & J /a'z‘m

\y = J, (INCOMPRESSIBLE )

V=0495 — \ /_y s

|

50 100 150 200 250 300

o™i
(width-to-thickness ratio)

NOTE: FOR v =Y, THE CURVE REPRESENTS Pyo, /Py,o AT
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Figure 4. Comparative Data for Compressible
and Incompressible Theory.
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APPENDIX A

COMPUTER SOLUTION FOR A COMPRESSIBLE ELASTOMER

This is the formulation of the pure axial compression problem of one
lamination, following linear (or classical) elasticity theory, that was
prepared for computer solution using finite-difference techniques and

iteration schemes.,

The geometry is that of the flat thrust bearing.

Consider a thin disk of elastomer compressed between two rigid plates
and assume that the disk is composed of a compressible material with

Poisson's ratio, v .

The shape and the dimension of the disk are shown

in Figure 5.

)z
|

¥ r

%ﬁ H p——

h— £
¢ o
Figure 5. Sketch of Coordinates for One Lamination,

[

Since the disk is circular, it is convenient to use cylindrical coordinates

(r, 6,2).

The symmetry property of this problem indicates that stresses

and displacements are functions of r,z only.

The equations of equilibrium are thus simplified to

2 2 2
Fyw, 200-v) %y, 1 3w  lau, L3_y  (A-1a)
2 1l=2v 2 1=2v3rdz r ar l-2v r 3z
or 0z
and
2 2
1 2%, 2%, 20-v) 3%, 20-v) 1 ) =0. (A-1b)
1-2v 9rdz 2 1-2v 2 1-2v r r ’
oz or
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where u and w are the displacements in radial and axial directions,
respectively.

The boundary conditions are

w = 0f w==b at z = th
u =0, w=25 at z =-h

p— - = = . (A-Z)
.= 0, orz 0 at r r, and r rs

Since the mid-plane (z = 0) is a plane of symmetry, the boundary con-

ditions can be replaced on z = -h by the symmetry conditions at z = 0.
At z=0, wW=0 and %‘=o; (A-3)

thus, the problem can be solved only for the domainz = 0 tohand r =
ri to ro.
Because of the complexity of this problem, a computer program is
written to solve this set of simultaneous equations. The equations of
equilibrium and the boundary conditions are written in finite-difference
form as follows:

b + 2(1-v)
- Rm@I Wi,y t R (15 341,53 T 1-2v Yi,3-1

2(1-v)

1
1-2v Yi,50 7 (*)(Ifﬁa')(“iﬂ,yf )

i1, g+l T Bie1)5-1 Y4, 51

(A-4a)

¥ (2R(I))(1 Zv)(ui,jﬂ g U 23550 1y

and

[ + =

% o, PRPIOE) R - 2(1-v)  _ _b
ul,j+1 1-2v (1 2RZI;) u:i:l-]_,j 5 1-2v (1 2REIS) ui-l,j
+ b
l-2v ZRZ(I)

- 2 (2 &Ly, (A-4b)
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For a general point (i, j) in the body, and boundary conditions

u. =0
i,mmm z = h
Wi,mmm =
(A-5)
W =0
1,2 2 0
“,3 70,1

2‘1-\)2 (u
1-2v 3

2v_ ,2b 20 - =
225 0,5 Tz Ma,g 17 ¥2,0-1) 1O

-u )+ ]
e = )3 “1,,;’ 1-2v ‘R, "%2,5 7 1-2v \
l — - -
u2)j +1 h u2,J -1 (WB,j wl,j)
( .Ll-_D)_ - a3 2V 2b
1-2v (unnn+1,j unnn-l,,j) 1=2v (R ) unnn,j)
, }(A-6)

T= T 9 120 (wnnn,J+l B Wnnn,J-l) =

| Unnn, 34 T Ynnn, 31 (wnnn+l,,j - "nnn-l,j) /

for points (i, j) on the boundary, where b is the grid size and
R(z) = r; +ixb.

It is noted that since the material is compressible, there is a region in
the body where the material experiences only hydrostatic compression.
This knowledge permits further reduction in the domain of the problem
by combining the two end conditions into ore. That is to say, the set of
equations is solved from both ends (r = rj and r = r,) simultaneously,
and the condition of hydrostatic compression is used as a boundary

condition.

Denote ends r =rj and r = ry by k = 1 and k = 2, respectively, and define
coefficients as shown in expressions (A-7) throu-h (A-9). Then simplify
the set of equations to those that appear.
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Coefficients for the computer program are

A1) = 1-v \

A(2) = v/(1-v)

A(3) = 3-4v
A(L) = 1-2v ?
A(5) = H/FM

A(6) = 1/(3-4v)

A(7) = A(L) x A(6)
A(8) = A(1) x A(6)

k=1 R¢(I,K) = RZER¢ + (FI-2.0) A(5)

CL(I,K) = A(5)/Re(I,K) \
C2(I,K) = CL(I,K) ¢ 2

C3(I,K) = 1.0 + 0.5 % C1(I,K) 5
C4(I,K) =1.0 - 0.5 * C1(I,K)

C5(I,K) = A(3) + A(1) * C2(I,K)

Cé(I,K) = 1.0/C5(I,K)
D1(K) + 1.0 ./

RF(1,K) = RAUT - (RI - 2.0) * A(5)\
CL(I,K) = A(5)/RE(I,K)

c2(1,K) = c1(I,K) * CL(I,K)

c3(I,K) = 1.0 = 0.5 * C1(I,K)

c4(I,K) =1.0 + 0.5 * CL(I,K)

C5(I,K) = A(3) + A(1) * C2(I,K)
C6(I,K) = 1.0/C5(1,K)

DI(K) =-1.0 _/

20
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Note that in the following expressions the double sign * or ¥ appears.
The upper sign refers to the case where k = 1, while the lower sign

refers to that where k = 2.

Boundary conditions are

Wi, T a0 E (U ga -8 g0
(A-10)
_ L s -
oY oIty (7 1K) Y2,0 T W2 0417 ¥2,0-1 |
Field equations are
1 - b b |
= + + +
w1,d 2(3,%) { PRe(LE)) Y1,0 T 02 2*R¢(I,K)] YI+1,d
F+Yw tw )i QM@
b/ YI,0-1 T YI,on/ = p’/ U4, 04
-u +u - ) + D 1+ A)
I-1,J+1 = YI-1,d-1 " %1+1,J-1’ 7 ZRe(I,K) b
(A-11a) |
(g, 541 = 1,217 '
1
up =4[ L 1 (& 2w
L5 ) + (2 (—2—) WTTIL,
2R¢“(I,K)
SIS S "1+1,J-1) Uy g Y ga
(A-11b)

A b =
2+ T2yl v e ¥ (O F Ry Yol
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Substituting \/u = 2v/1-2v,

1-2v b b
v 5= 3099 0 F meam) ¥, T E EpErd v,
l—v 1-v
* 324 g0 TYroa) 2t () 30300y a1, 00 Y1-1,00
(A-12a)
u - u ) + 5y ( ) (up 4q = Ur gq)
I-1,J-1 ~ Y1+1,0-17 7 2(3-4v) 2R¢(I K) YI,dH1 T "1,J-1
=3 ~ } &d (w - W
02 I41,d+1 = YI-1,041
R¢~(1,K)
Wi, gt ga) t@ = )y g tup )
) b - __b (A-12b)
* 20-0) [0 2 3Ry vre,s " T (TR Moo
From the definitions of the coefficients,
+AB)* (v 5y +wp gyy) + DL(K)* 0.125% A(8)¥ (upy; 14y
= up g Y UL g T Ve, ga) F0-25% AGB)F CL(LE)X
(u -u )
1,041~ Y1,0-1 (A-13a)
up g = 0.5% C6(I,K)* DL(K)¥* -0.25% (wpyy gyg = Wy g4y ™1 91
- + A * + + 2% A(1
wrap,g-p) P AW Qup 5y Fup )+ 2 AQL)
#(C3(L,K) upyy g+ CA(IK) upy ;) (A-13b)

Boundary conditions ,end equation) are

W ,g = g,g DU (i g = g g

— + - *
Y,0 " Y3,4 + DL(K)* A(2)* (2% C1(2,K) Uy g T gn "2,J-1) (A-14)
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Computation of stresses is as follows:

From the stress-strain relation

a:JiJ = AAbiJ j

and the strain-displacement relation, stresses can be calculated at any
point in the body when the displacement field is known. Since the displace-
ments are given by numerical values, finite-difference methods must be
used to calculate strains.

+ .
2Ge:l

At the top and bottom boundaries, the strains are

& “ar  °
- _
ee_r O
= v

G:z 0z

= 34
erz é(az)
and the stresses are

oz=(k+2G)ez=gg(l_-ulﬂ

l-2v 3z

- Su
c’rz_Gaz

In order to evaluate the derivatives there, backward or forward differences
must be used. At the top surface, backward difference is used.

of _ 1
32 = 3 (3£(1,0) = 4£(1,d-1) + £(1,3-2))

Since in the computer result u and w are nondimensionalized with respect’
toh, Az =h/m.

For m = 4,

oW 2(3W (I,mmn) - Lw(I,m) + W(I,m"l))

U = 2(3u (I,mun) - 4u(I,m) + u(I,m-1));

hence,
o A{-}%’l 33w (I,mmm) - 4w(I,m) + w(I,m~1)

Opgy = 26(3u (I,mmm) - 4u(I,m) + u(I,m-1).

23
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INPUT

l

GO TP KLUE

2

3

SToP

INPUT =M, N, GNU, H, RZER®
ROUT ALPHA, LITER, JITER
DELTA, MU, IFIN

COMPUTE COMMON CONSTANTS,
A(l), A(2), - ===~ A(8B)

—

K=

2

J

COMPUTE DIFFERENT

COEFF. (ENDI)

RA(I1), CU(I,)---

ce(r,l)

!

—

COMPUTE DIFFERENT

COEFF. (END2)
Rp(1,2), Ci(1,2)---
C6(1,2)

K=2

L

Figure 6.

SUBRGUTINE SOLUT
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COMMON; M,N, th”p m; H, A, ," LITER
—@—- ALPA, DELTA, K, JITER, IFIN, €1,C2,C3,Cl

€s,c6
;

SET MM=Mel
M= 2
NNN=N<1

COMPUTE g
U M.Jg. w(nNN,J), U(T,MM)
w(1,mem), w(I1,2

u(1,d), w(1,3), u(1,1), w(1,1)

!

1J=1
JJITER=JITER

|

l

| A -

I | I

I C | |

I w(Jd) l vu(J)

I

| YES [7.; | | 77 }YES
| | NO | NO
| i [w(2)=4(1,2)] { | [wi2)w(1,2)
I
|| o | | [
I I BY END ;:’:SJ) | BY REO. EQ.

I

} #__J L——
| | of 4oz,

I UfI-I,J 'UUUtds

I W(I-1,J)wwni(J

l 0§ J=2,M
] el

<N 2N D I2,MM

I=Nj—= b u(z,d

w(I1,3) = vﬁza)

1

I
|
I Df I=1,N
I
I

w(1,1)=-¥(1,3)
u(1,1)=u(1,3)

'F'"S—@;%_I

<IFIN
1J=1J41 YES - JJITER=
JITTERI13 JJITER IrEN-JdrE |

NO

Figure 7. Subroutine Solut.
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c

04/20/64

LAMINATED BEARING

C COMPRESSIBLE MATERIAL

c

110
1

100
2

3

20
30

32

40

42

50
10

OIMENSION A(8), RO(40Lls2)y CL(40L1,2), C2(401,2), C3(401,2),
1C4{401+2)y C5(40142)y C6(401,2), 01(2)

COMMON M, WZERO, ROUT, H, Ay, ROy N, LITER, ALPHA, DELTA,
LCONST, Ky JITERy IFIN, Cl, C2, C3, C4y C5, Cé, D1

READ INPUT TAPE 241y KLUE , [CLUE

FORMAT (215)

GO TG (500,100,400,400),KLUE

READ INPUT TAPE 2, 2, Ns M, RZERO, ROUT, GNUy H HJITER,IFIN
FORMAT (215,4€E15.8/216)

READ INPUT TAPE 2, 3, LITER, ALPHA, DELTA, CONST, PMU
FORMAT (15, 4E15.8 )

All) = 1.0 - GNU

A(2) = GNU/ZA(L)

Al3) = 3.0 - 4.0°GNU

Al4) = 1.0 - 2.00GNV
FM = M

AlS5) = H/FM

Alb) = 1.0/7A(3)

A(T) = A(4)AL6)

Al(B) = A(l)eAlb)
CALL POUMP (A,A(B),41])

K =1

CONTINUE

GO TO (30,40),K

NNN = Ne¢2

00 32 1 = 2,NNN

F1 = |

RO(I1,K) = RZERDO ¢ (FI - 2.0) = A(S5)
ClUl,K) = A(5)/RC(I.K)

C2(14K) = CL{I,K) & CL(I,K)
C3(14K) = 1.0 ¢+ (0.5 ¢ CLUI,K)})
CellsK) = 1.0 - (0.5 @ CLII,K))
CS5(I,K) = A(3) ¢ A(l)eC2(1,K)
Co6(14K) = 1.0/CS5(14K}

CONTINUE

Dl(K) = 1.0

GO TC 50

NNN = Ne2

00 42 [=2,NNN

Fl = 1|

RO(IyK) = ROUT - (FI-2.0)=A(S5)
Cl(I,K) = A(5)/RO(1.K)

C2(1,K} = Cl(I,K) & CL(I,K)

C3(1.K} = 1.0 - ( 0.5 o CL{1,K)})
Cell,K) = 1.0 ¢ ( 0.5 ¢« CL{I,K))
CS(I,K) = AL3) + A(Ll)eC2(1,4K)
C6i{1,K) = 1.0/C5(1,K)

CONTINUE

Oli{K) = -1.0

GO 10 60

WRITE QUTPUT TAPE 10,10, RZERO,ROUT

FORMAT (1H1 3X BHRZERO = F10.5, 3X 7HROUT = Fl0.5//)
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e, -‘—W-,v' — - T TP T T AR I T & Kwec ¥ e o oot L TR R TR E Y -
iy &

LAMINATED BEARING 04720764 PAGE 2

WRITE QUTPUT TAPE 10,11, GNU, M, Hy N
11 FORMAT (3X 6HGNU = F10.5, 3X 4HM = [5, 3X 4HH = F10.5y 3X 4HN =
115/77)
WRITE OUTPUT TAPE 10,12, LITER,ALPHA,DELTA, CONST,PMU
12 FORMAT (1X BHLITER = IS, 3X BHALPHA = F10.5, 3X BHDELTA = Fl0.5
19 3X BHCONST = F10.5, 3X 6HPMU = F10.5////)
60 CALL SoOLut
GO 70 (89,108),K
89 GO TO (108,90) , ICLUE
90 K = 2
GO T0 20
108 CONTINUE
GO T0 110
400 CONTINUE
GO T0 110
500 CALL OUMP
END{(19140,090919141+04140,0,040,0)

27



T e —— T TSRS T e -

SUBROUTINE SOLUT
DIMENSION A(8), RO(401,2), C1l(401,2), C2(401,2})s C3(401,2),
1C4(401,2), C5(401,2), CO(401,2), DLI2), UL401,10), W(401,10),
1UUU(10), wWwWN(l0), UU(LO), wWW(10)
COMMCN M, RZERO, ROUT, Hy, Ay RO, Ny LITER, ALPHA, DELTA,
1CONST, K, JITER, IFIN, Cl,y C2, C3, C4, C5, C6, DI
MM = M ¢+ ]
MMM = M + 2
NN = N+l
NNN = N+#2
FM = M
00 10 J = 2,MMM
UINKN,J) = 0.0
FJ = J
W(NNNyJ) = =(FJ=2.,0)¢DELTA/FM
10 CONTINUE
00 15 [ = 2,NN
Ull,MMM) = 0.0
Wll,MMM) = -DELTA
Wil,2) = 0,0
15 CONTINUE
00 20 1 = 2,NN
00 20 J = 2,MM
FJ = J
UlleJd) = =DLIK)SCONSTODELTAC{]1.0-((FJ=2.0)0A(S)/H)ee2)
12EXPF(DL(K)&(RO{2,K)=RO(1,K)))
W(led) = =(FJ~2.0)0DELTA/FM
20 CONTINUE
14 =1
JJITER s JITER
DO 110 ITER = 1,LITER
DO 25 1 = 2,NNN
Utl,1) = Ull,3)
Wilyl) = =N(],3)
25 CONTINUE
00 30 J = 2,MM
Ulled) = Ul3,J)+D1(K)0A(2)2{2,08CL(2,K)2UL2,J)¢H(2,J¢1)-W(2,0-1))
WiloJd) = W3, J)eDLIK)(WU(2,441)-U(2,J-1))
30 CONTINUE
Ullel) = U(L1,3)
Wilel) = =W(l,3)
00 80 I = 2,NN
DO 50 4 = 2,MM
UEVAL = 0.50CH(14K)®(D1(K)20.25e(Wil¢L dt))=NHlI=1,J¢1)eM{I-1,J0-1)
1-Wil4l,od=1))¢A{Q)o(U(T¢Jd=1)eUl1yJ*1))¢2.00A(1)0(CI(1,K)oUl]¢],))
14C4(1,K)oULI-1,4)))
UU(J) = ALPHA o UEVAL ¢ (1.0-ALFPHA) o Ull,J)
IF (J-2) 45,40,45
40 WW(2) = Wil,2)
GO T0 50
45 WEVAL = 0.50A(T)e(Ca(loK)oM(I=10oJ) ¢ CAlIoK)oN(I®1,J))
1LeA(B)e(WilyJ=1)eW(loJdel))e D1IK)®0.12%50A(B)0(UlI¢],J¢])
1=U(1=1,J¢1)¢U(1-19J=1)=U(1¢1,J-1))¢0.250A(8)0CL([,K)
1e(U(ToJ¢l)=-Ul],yJ-1))
WWUJ) = ALPHA o WEVAL ¢ (1.0~-ALPHA) o W(l,J)
50 CONTINUE
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60

65

70

75

79
80

85

101
104

105
102
106

107
108

109

103
110

IF (1-2) 60,60,70
DO 65 ) = 2,MM
VUUIJ) = UULY)
WWW{J) = WW(J)
CONTINUE

GO TC 80

00 75 J=2,MM
Utl-144) = Yuuty)
Wil-1eJ) = WWW(J)
CONTINUE

CO 79 J = 2,MM
uuuid) = vued)
WWW{J) = WWi{J)
CONTINUE

CONTINUE

DO 85 J = 2,MM
UINN,J) = UUULJ)
WINNyJ) = WWW(J)
CONTINUE

IFC(ITER - IFIN) 101, 105, 105

IF (ITER = JJITER) 110,104,104
1J = 1J¢]

JIITER = [JeJITER

INCR = }

JJ = 1

KK = MMM - 6

IF (KK)1064107,107

JJJz MMM

GO 10 108

JJJ = INCR & &

WRITE QUTPUT TAPE 10414 ITER

FORMAT (lHL LTHITERATION NO. = 15///)

WRITE QUTPUT TAPE 10,3
FORMAT ( THU ARRAY//)

WRITE OUTPUT TAPE 10924((U(I,J)}y JI=dJedJJ)yi=14NNN)

WRITE OQUTPUT TAPE 10,4
FORMAT (//THwW ARRAY//)

WRITE OUTPUT TAPE 1042 ((W(1yd)e J=JJyJJJ)el=]14NNN)

FORMATY (6(46X EL1S5.8))

IF (JJJ-MMM) 109,103,109

KK = KK=6

INCR = INCR ¢+ 1

JJ = JJ+6

GO 10 102

CONTINUE

CONTINUE

RETURN
ENO(1¢1,040+404151415041,0,0,040,0)
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APPENDIX B

ANALYTICAL APPROXIMATION AND COMPUTER SOLUTION
FOR AN INCOMPRESSIBLE ELASTOMER

Governing equations are again written in cylindrical coordinates, as
shown in Appendix A. The equations of equilibrium remain the same,
but the stress-strain relations become

oij=Pbij+2GeiJ (B-1)

where an additional unknown pressure, P, is introduced into the relation
due to incompressibility. Furthermore, since there is no volume change,

€31 =0 (B-2)

and strains are deviatoric. Taking into account the axial symmetry
property, the nonvanishing strains are

0
=5

= 1
€9 = 1
2w
€& = 32
~ 3 [%u . ow
erz—'%{azﬂkar) . (B-3)

Substituting the stress-strain relation and the strain-displacemenrt
relation into the equilibrium equation, we obtain the governing equation

in terms of displacement.

2 2
9y l3u._un 3% 123P
+ ikt B-4
a2 ror 27 .2 G 3r (B-4a)
2 2
O W _ low 9w_ _1oP
2t roart 257G "0 (B-4b)
or 0z



Since there are three unknowns, u,w, and P, three equations are needed;

the third equation is furnished by equation (B-2),

€.. =0
or

—+-+_=O seee

Equations (B-4a, b, and c) coupled with boundary conditions

u=0 Z=ih
W= =W z =4 h
0
(o]
= r = r, dr
oI‘Z 0 larl (o]
= r =r, dr
OI‘I‘ 0 lan (o]

(B-4c)

(B-5)

completely define the problem. However, the deformations are extremely
complex, owing to the imposed boundary conditions, and the mathematical

analysis becomes intractable.
computer solutions becomes necessary.

APPROXIMATE SOLUTION

Thus, the use of approximate methods and

Because of the geometry of one lamination, [ h<« (rg - rj) ], the boundary
conditions 0 .. = 0 and 0, = 0 may be replaced by an average condition.

Let
h i
1 ‘ \
%r = 2h j%rdz:o
-h '
P;
h
= - =
rz 2h j rg 92 =0 y
=h

(B-6)

that is to say, the system of forces acting on the boundary is replaced by
an equivalent system. By Saint Venant's principle, this replacement will
produce negligible influence at some distance away from the boundary.
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Consider a solution of the form

u=(ar = brl) (1 - 2249 ... (B-7)
z2

w = ~2az (1-—2) s (B-8)
3h

where a and b are constants. Substituting equations (B-7) and (B-8) into
the governing equations, it is found that equation (B-4c) is identically
satisfied and that equations (B-4a) and (B-4b) yield

r2 2b z2
P/G=a—2-—2-bwr+2a(l-—2)+0 . (B-9)
h* h h <

where CZ is a constant.

This solution satisfies boundary conditions on z = h, identically,

provided

_1d .
a-hh (B-10)

The average boundary condition on r = r; and rg gives

h h

2 [ w1 j )

o f 5 92 * on P/Gdz =0 ... (B-11)

=h =h

h h

L du L oW .

2h j az dz+ 2h ar dZ—O se e ¢ (B_lz)
-h =h

Substituting equations (B-7}), (B-8), and (B-9) into (B-11) and (B-12), the
last equation is satisfied identically and equation (B-11) yields

L -2 2_'r2
3 (a + br )+h2 (%--bbvur +§é+02=0

or
2
ar_

> tvr+ br 218,40 =0. (B-13)
h

3 3 2

S

32

R N T y > o A TGO T il e e

¢



Hence,

2
r,
i 2b L -2 8
a5 === A c9 =
h2 hz&url+3bri +3a+02 0
< (B-13a)
r‘2
2 _2b L., =2 8
a - In =
h2 h ro+3bro +3a+02 0
\ /
2 2
2r0 I‘i
ahi|l—--—=
2 h2
e h - (B-14)
y L REEE
2n v /r. + —— -
o/’i 3 r-'.Z r2
i o
r2
. i_2 8 L, =2 B-15
C, = ah2 hz{,«ri+3a+3brl . ( )

The pressures at the top and bottom boundaries (bonded surface) can be
calculated from equation (B-9).

2
o =a i _2b
P/ a Z 2 tor +C, (B-16)

z ==xh

where a is substituted from (B-10) and
b and C3 from above.

The total axial force on the bearing is computed by integrating equation
(B-16) over the surface of z = h (the bonded surface).
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r
0
F/G = j (P/G) r dr d8
r

i
To
= 2mn -aﬁ-gg-rl,nr+0r dr
h2 h2 2
) 8
i
2 ‘o
F/G=m r2(§r_2_,2_l2),ur+b_2+cz) .
2h h h . (B-17)
i

Average pressure on the bonded surface is the total force divided by the
area, or

r
2 0
- 2l 7] s arz'%[‘“r‘*bz*% FEISE
r = r, 2h h h
(o] 1 s
T3

To find the maximum pressure on the bonded surface (z = h), radius is
found at which pressure is maximum by differentiating equations (B-17)
and then substituting that radius into equation (B-16).

4 dP _2ar 2b
G dr %=O

h h
and
r =Vt (B-19)
a L 4
Now
P_ma.zs b
= Zzh:}‘-?[l-Z{mb/aJ+C2- (B-20)




The stress distribution at the inner and outer radial boundaries is now

approximated by

o

—I:= g! B ’ _

¢ ~°xtae (B-21)
where from equation (B-7)

2
el -5
= la+ = [1-2%
o r2) S
and by

orz _

G oz’ (B-22)

where from equation (B-7)

(]

ou _ _ _ bl 22 |
oz (a.r )

Consider now a typical example:

r, = 0.75 inch
ry = 1. 125 inches
h = 0.75 (10" 3) inch

(width-to-thickness ratio of 250).

If the ratio of axial compressive deformation to the elastomer thickness
is chosen as

w
P = (107),

then _
= 0.75 (107)

o V]

b 1.156 (10™) h

C, & - 1.415 (1072).

2
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The pressure on the bonded surfaces can be computed from equation (B-9):

2
r 2b
P/G =a 5 -5 ler+C

#&h) e K e

3y £ -3 -3
= 0.75(10 7) o 2.312(10°°) 4o r - 1.415(10 7)
h
and
r r/h T B
0.75" 100 -0.2877 0
0.825" 1.1 (103)  -0.1924 0.0629(10°)G
0.90" 1.2 (103) -0.1054 0.0915(103)G
0.975" 1.3 (103) -0.0253 0.0892(103)G
1.05" 1.4 (103) +0.0488 0.058(103)G
1.125" 1.5 (103) +0.1178 0

Average pressure is computed from equation (B-18):

r
P 2 (o]
2ave ey r2 i"__&{,br+’.‘>_+c
G r2-r2 2h h2 h2 2
z=h o i
X,
b &

= - 0.0629 (10™°)

or, in magnitude,
Pave = 0.0629 (10°3)G  (psi when G is in units of psi).

The total axial force applied is the average pressure multiplied by the
cross-sectional area of 2.2 inches?.

F =0.1384 (103) G (pounds when G is in units of psi)

Maximum pressure occurs from equation (B-19) at
r="7Y./a = 0,931 inch
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and is of magritude, from equation (B-20),

- . 3 .
Pmax = -0.0941 (10°) G (psi).
The ratio of ———x is 1. 5.
ave

Radial stress on the inner radial boundary is

(o}
z/h ——r
0 1.812 (10™>) G (midway between bonded
surface)
1/4, 1.427 (1072) G
1/2 0.485 (1072) ¢
3/l -1.176 (1072) G
1 3.5 (1072) ¢ .

Shear stress on the inner radial boundary is, from equation (B-22),

o
Iz

G

(o 1] [o%
N o

or

0., = 0.812 £ G (psi).
This example is also a test of the approximation. From the above
calculations for stress on the inner boundary, it can be seen that radial
stress, 0., is of the order of (10-3 G); and with G = 100, for example,
the radial stress is still of the order 0.1 psi. This is small as compared
to the pressure developed within the bearing. Shear stress on the bound-
ary varies from zero to 0. 812 G. This is not small as compared to other
shear stresses; but since a shear stress on this boundary does not in-
fluence greatly the pressure within the bearing, this is not a source of
serious error. The approximation is considered to be very good for a
wide, thin annulus.
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COMPUTER SOLUTION

Due to symmetry with respect to z = 0, only h:lf of the bearing need be
considered; if z is positive, the symmetry condition then states

w (r,0) =0
du
oz { =0
2=0 } . (B-23)
3p
oz =0
=0

w(r,0') = - w(r,0") )

To solve this set of equations (B-4a, b, and c) by the finite-difference
method, it is convenient to find an cquation involving P explicitly. This
can be achieved by differentiating between equations (B-4a) and (B-4b)
rather than by using equation (B-4c). Thus,

2 2
a—§+-}§§+a—§=o.... (B-24)
or oz

It is noted that equation (B-24) implies

v2 Su_u, w)_, (B-25)
or r 3z
rather than
Qu , u . Ow _

It is thus necessary to specify % +% 49 5 on the boundary.
r
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iy AL
i=-1,3 i, i+1,]
J }
C
Tt l
- I ~—D—*=

Written in finite-difference form, equations (B-4a), (B-4b), and (B-24)
become

B
[

2 2
D D D
A+ 2 ) 'O Jui,j = (4105 + i 50+ /T Corn, g~ Yima,y)

2
o= D_ =
0oy gen 9y 5 2 (Payag ~ Pia,g) (B=eta)
D D
e BT 2la. 5 (gia, 5+ Wieg ) Y R Wi,y ~ Vi, )
12 b2
+ EE (Wi,j+l + wi,j-l) + EETE (Pi,j+l - Pi,j-l) (B-27b)
D? D
1+ 3] Py T Cua,s PRy PR Payy T Ry
2
IS (B-27c)
+ C (Pl,j+l 1,3-1)
where
u w
= 2 . A H : == ) d
P=P/G ; U og=R Wy =H e
H=h,
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Treatment of equations at boundary:

Since the boundary conditions involve derivatives, fictitious points are
introduced outside. The values of those points are found from boundary
conditions.

At r = r.
1
)
W . = W, u 3 + 5
1,3~ 73,5 T 2,541 7 M2, 51 |
i
P. =u, , -
2,3 Ly »J >
i
_ 120 D _ |
Wy 3= W st RET V2,5t G (2,51 T Y2, 5-1) (B-28)
At r=r

W, u

. = W, . +
NNN, j NE, j

\

|

!
PaN, 3 = UNE,3 ~ SuNN, 3 >

NN,3+1 ~ NN, -1

R D
Ny, 3 = UNE, 3 T ROW) S,y T ¢ Oy, g WNN.j-l)J (B-29)

These equations, coupled with field equations (B-4a) and (B-4b), are
enough to solve for the values at boundaries rj, ro and the fictitious
points. However, it is not desirable to indroduce any fictitious points
with P as unknown. Hence, 2P is written in terms of forward or back-

or
ward differences, and equation (B-4a) is modified accordingly.

P _ 1 :

3r — 2D (r Pi+1,j -3 Pi,j - Pi+2,j) (forward difference). (B-30)
SR 1 :

= 25 (3 Pi,j N Pi-l,j + Pi-2,j) (backward difference). (B-31)

At z = h, u and w are given but P is found through equation (B-24). In
order io achieve this, it is necessary to introduce a fictitious point for
P. The value of P at this point is found by using equations (B-4c) and
(B-4b).
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This set of finite-difference equations is solved by using the successive
relaxation method. Values of u, w, and P at one point are calculated
from values at neighboring points; they are uéva, wéva, and P€vVa, New
values of this point are obtained from u®V23, etc., through

u = o w4+ (1-a) u°ld.

These new values can then be substituted for the old values immediately;
then one can proceed to the next point.

Note on computer data:

Owing to the limitation of computer memory, the dimension of the bear-
ing has been changed to

ri = 0.75 inch
(ro = ri)/Zh = 50
h =1x 10-3 inches.

The approximate solution is used as the first guess.
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START

oo mats SRy WU Wt e €

INPUT

GO TO KLUE
! 2 3 4
EXIT DUMP
Y

INPUT = N, M, RZERZ , H, PMU
DELTA, R@UT, CONST, LITER,
JITER, IFIN, ALPHA, BATA

COMPUTE CONSTANTS

SOLUTION SUBROUTINE

OUTPUT

Figure 8. Main Flow Chart,
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(T Mmpe2, [HMeM- ), NNeN-2, NNN-He)
WoHel, MEeM-1, HRU=RIwsRjrs] .

X
{grrrut - mint sur INITLL oUET)

(0 o1, L]
Mmoo

CMPUTE: U(1,4) UEVAL,
PEVAL, FROM £GS., FOR
BOUMBARY

REPLACE

) 3(2,9), #(2,3)
BY NIV VALVES

COMPUTE W(1,d) WEVAL
FROM £QS. FOR DOUNDARY

FJ=d-2
CaouTE = U(1,J), #(1.4)
P{1,) FRGM APPAOX. ZOL. (INITIAL OUESS)

v
v

1,M4)=CELTA
1,2)=0

ugx,m =0

of I»), &
off .=2, W
REPLACE %(2,J) BY
MV _VALUES
J-M+=0
<
L COMPUTE UEVAL, LEVAL
FROM FIELD £S5,
TPV
> |
20 |19
ITER-JJ ITER=O | JJITER=JITIR 1Y
AU=RU/NPY
< e /AR -
TR AP, BCPLACE 1.4}, MI.4
gL = nu-nuM T WD VAT
A=y
J
CpTIAL }
u{1,1) = u(1,)
¥{I,1} = ¥(I,} D I=2,NN
p(1,1) = P(1.3

CINTING |-

REPLACE w{WN,J}
BY NEW VALUTS

ITER-J

DOUNDARY <0
<
= REPIACE U(NN,J) P(NN,J)
{oc2=ope BY NEW VALUES

COMPUTE REZIDUAL (U
RU,RP

Figure 9.

CMPUTE P I,MW)
PEVAL, FROM Ea.
F33 JOP BOUNTANY

CRPPUTE UMM, J) UTVAL
{ PEVAL, FROM PGS, FOR

s
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04/16/64 PAGE
LAMINATED BEARING

C
C INCOMPRESSIBLE MATER]AL
o
OIMENSIGCN RO(500)y BI(8B)y ARIIS500),y AR2(500), AR3(500), AR&4(500)
COMMON M, R2ERO, Hy ROy Ny LITER, ALPHA, DELTA, BATA,ROUT, B8,C,D
1+ IFINJJITER,AR1,AR2,AR3, ARG ,CONST
110 READ INPUT TAPE 2¢1l, KLUE
1 FORMAT (15)
GO TO (500,100,300,400),KLUE
100 READ INPUT TAPE 242, Ne My RZERO, Hy PMU, DELTA,ROUT,CONST
2 FORMAT (215,4E15.8/72E15.8)
[ READ INPUTY TAPE 243, LITERy JITER, IFIN, ALPHA, BATA
3 FORMAT (315,2E15.8)
ARITE OUTPUT TAPE 10,10, RZEROy Hy PMU, DELYA,ROUT,CONST
10 FORMAT (1H]l 3X 8HRZERO = Fl0.5¢ 3IX 4HH = F10.5,3X 6HPMU = Fl0.5»
! 13X B8HDELTA = F10.5/3X THROUT = F10.2,3X 8HCONST = F10.5//)
WRITE OUTPUT TAPE 10,114 Ny My LITER, JITERy IFINe BATA, ALPHA
11 FORMAT (1X 4HN = JS5,3X 4HM = [5, 3X BHLITER = [5, 3X B8HJITER = IS5/
13X THIFIN = 15, 3X THBATA = F10.5, 3X BHALPHA = F10.5/7/177)
| n =N
NN = N+2
C = H/FM
D = CeBATA
8¢1l) = D/C
B{2) = B(l)ees2
= 1,0 ¢+ B(2)
s 1.,0/C
8{(5) = 1.0/0
| = CeB(])
= 8{4&)eB(])
| = 1.0/8(3)
CO 150 I = 2,NN
I FI1 =1 - 2
‘RO(]) = RZERD + F}sD
AR1(I) = 1,0/ ‘1)
AR2(I) = Dol ()
' AR3(T) = 2,0#8(3) + AR2(])we2
AR4(1) = 1,0/74R3(})
150 CCNTINUE
CALL POUMP (ROJROL10) ,1,8,Bi8)9leAR1,AR1{10),1,AR2,AR2(10),
114AR3,AR3(10)s1+AR4,AR4(10),1)
CALL SOLUTY
GO TO 110
500 CALL EXIT
300 CONTINUE
400 CALL DUMP
END(le414090+09191¢14001,0,0,0,0,0)
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10

20

30

1128
1130

1131
1151

1155

1160

SUBROUTINE SOLUT

OIMENSION RO(500), U(500,13),W(500413)y P(500,13)

1,8(8),AR1(500),AR2(500) 4AR3(500),AR&(500)
Hy RO, Ny LITER, ALPHA, DELTA, BATA,ROUT, B,C,D

1,IFIN,JITERyAR1,AR2yAR3,AR4 ,CONST

COMMON M, R

MM = M+2
NN = N+2
MMM = M+3
NNN = N+3
NE = N¢]
ME = M+]
RRU = 1.0
RRW = 1,0
RRP = 1,0
AA = 0,75e0DEL

EROy

TA

05/29/64 PAGE 1

B8= AA#(ROUTes2 - RZERO®®2) / (2,0#LOGF(ROUT/RZERO) ~(4.0/3.0)e
1((1.0 /ROUT)ee2 - (1.0 /RZERD)es2))

DO 10 1| = 2,N
D0 10 J=2,MM
Fd = J -2

N

UlI,J) = (AA = RO(I) - BB & ARI(I))® (1.0 ~(FJel)ee2)

WlleJd) = = 2,0 » AA & (FJeC) » (1,0 -

(FJeC)ee2/3.0)

P(I,sJ) = AAe (RO(I)ee2 - RZER(#e#2)¢2,.0#88e LOGF(RZERO®ARL(I))
142.0 » AA® (1.0 - (FJsC)ae2) - 8.00AA/3,0-4.0#BB/(3.0#RZERQ®=2)

CONTINUE
P(2,MM) = 0.0
PINN,MM) = O,
00 20 1 = 2,N
UlI,MM) = 0,0
W(IsMM] = ~DE
Wile2) = 0.0
CONT INUE

00 30 1 = 24N
W(lel) = =W}
UlIel) = UI(I,
P(I,1) = P(I,
CONTINUE

INCR = ]

Jd=]

KK=MM=6

0
N

LTA

N
v 3)
3)
3)

IF (KK) 1130,1131,1131

JJJ=MM

GO T0 1151
JJJ=INCR & 6
WRITE OUTPUT
WRITE OUTPUT
WRKITE OUTPUT
WRITE OUTPUT
WRITE OUuTPUT
WRiIiTE OUTPUT

TAPE
TAPE
TAPE
TAPE
TAPE
TAPE

10,3
1002, QUL od) e J=JJedJJ) e I=],NNN)
10,4
10020 CUW(TL4d) s JaJJdeJJJ)el=]4NNNI)
10,5
1092'((P‘I'J"J'JJ'JJJ"l."NNN'

IF (JJJ-MM) 1155,1160,1155

KK=KK=-6

INCR = INCR ¢
JJ = JJ+6

GO 710 1128
CONTINUE

1
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05/29/64 PAGE 2

1J =1

JJITER = JITER

DO 200 ITER = 1,LITER

RU = 0,0

RW = 0.0

RP = 0,0

00 35 J = 2,ME .

Ulled) = U(3,J) ¢ 2,00AR2(2)#U(2,J) ¢ BlL)®(W(2,J+1)-W(2,J-L))
UEVAL = AR4(2)e((U(3,J) + U(lyJ)}) + 0.,5#AR2(2)2(U(3,J)=-Ull,yJ))
1+ Bl2)o(U(29J¢#1) ¢ U(24Jd=1)) + 0.5%D0(4,0eP(3,J) - 3.0eP(2,J)
1-P(4,44)))

PEVAL = B(S)e(UlLl,Jd) -U(3,J))

IF ( ITER = JJITER) 34,29,29

29 UU = ABSF(UEVAL - U(2,4))
PP = ABSFI(PEVAL = P({2,J))
IF (RU - UU) 31,32,32

31 RU = W

32 IF (RP - PP) 33,34,34

3) RP = PP

34 Ul2,J)= ALPHA & UEVAL + (1,0 - ALPHA) » U(2,J)
Pl2yJ)= ALPHA = PEVAL + (1.0 = ALPHA) » P(2,J)

IF(J-2) 45,640,645
40 GO TO 35
45 WlleJd) =2W{3,J)¢B(L)e(U(2,J¢1)-Ul2,J0~1))

WEVAL = 0.5 B(8) *((W(3oJ)eW(1,J))+0.58AR2(2)
le{Ww(3,J)-Wl(l,J))¢B(2) o (WlzeJel)+W{2,J-1))40,52B(6)
Le(P(2,J¢1)=-P(2,J-1)))

IF ( ITER = JJITER) 38,36,36

36 WW = ABSFIWEVAL - WI(2,J))
IF (RW - WW) 37,38, 38
37 RW = KWW
38 W(2yJ)= ALPHA # WEVAL + (1.0 -~ ALPHA) @# W(2,J)
35 CONTINUE

DO 100 I = 3,NE

DO 80 J = 2,MM

1FlD - MPM) 60,65,65

60 UEVAL = AR4G(I) & ((UlI+1,J0)+U(1=1,J))¢0.5¢AR2(I1)e(U(]¢]1,J)
L=U(I=1¢Jil4B(2)0(U(]oJ¢1)4U(1,J-1))+0.5902(P(1+],J)-P(I-1,J)))

PEVAL = 0.53(8)e((P(I+1,J)¢P([-14J))+0.5%AR2([)e(P(I+]l,J)
1=P(I=14J))+B(2)0(P(1,J¢l)eP{],4J~-1)))

IF ( ITER = JJITER) 64,59,59

59 UU = ABSFIUEVAL - U(l,J))

PP = ABSF(PEVAL - P(1,J))

IF (RU - UU) 61,62,62

61 RU = W

62 IF (RP - PP) 63,64,64

63 RP = PP

64 U(Il,J)= ALPHA # UEVAL + (1.0 = ALPHA) = U(I,J)
PtI,J)= ALPHA e PEVAL + (1,0 = ALPHA) = P(],J)
IF (J=2) 75,70,75

70 GO TO 80

75 WEVAL = 0.5¢B(8)e((W{l+1,J)¢WiI=-1,J))¢0.5¢AR2(I)e(H(I¢]1,yJ)
L=WlI=19J))+BLc)O®(WlLloJel)eWl19J=1))¢0.5¢B(6)e(PlLyJ¢l)=PlI,J-1)))
IF ( ITER = JJITER) TT474,474
T4 WW = ABSFIWEVAL - W(l,J))
IF (RW = WW) 76,77,77
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76 RW = WW
1T WillsJ)= ALPHA » WEVAL + (1.0 - ALPHA) o Wil,J)
GO TU 80

65 P(1yMMM) =P (] ,ME)+&4 ,00B{4)e(W(] MM)=WI(]I,ME))

PEVAL = 0.50HB(8)e((P(I41,MM)+P(]=2,MM))+0.50AR2([)e(P([¢+]1,MM)=~
IPLI-14MM) )+ B(2)0(P(]1,MMMI+P(]1,ME)}))

IF ' ITER = JJUITER) 79,81,81

81 PP = ABSF{PEVAL = P(l,J))
IF (RP - PP) 78,79,79
78 RP = PP
79 P(l4MM) = ALPHA ® PEVAL + (1.0 ~ ALPHA) » P(]I,MM)
30 CONTINUE
100 CONTINUE

00 95 J=24MF

UINNNgJ) = UINE,J) - 2,00AR2(NN)SU(NNysJ) = B(l)e[WINN,J+]1)
1-Wi(NN,J=-1))

UEVAL = ARS(NN)®( (UCNNNyJ) + UINELJ)) + 0.5%AR2(NN)# (UINNN,J)
1-UINEyJ)) + B(2)2(UINN,J+1) ¢ UINN,J=1)) + 0,5¢0e( 3.0eP(NN,J) -
4e08PINELJ) + PINYWJII))

PEVAL = B(5)#{UINE,J) = UINNNLJ})

IF { ITER = JJ'TER) 85,86,R6

86 UU = ABSF(UEVAL-UINN,J))
IF (RU - UU) 8Z,83,83

82 RU = WU

83 PP = ABSF(PEVAL=-P(NN,JI})
IF {RP - PP) 84,85,85

84 RP =z PP

85 UINNyJ) = ALPHA ® UEVAL + (1.0 - ALPHA) @ U(NN,J)
PINN,J) = ALPHA ® PEVAL + (1.0 - ALPHA) & P(NN,J) ’
IF (J-2) 88,87,88

87 GO TU 95

89 WINNNgJ) =W(NE,J)=B{L)®(UINN,J+1)=UINN,J=-1))

WEVAL = 0.5¢B(8)e ((WINNN,J)+WINE,J) )+0,5¢AR2(NN)

Le(WINNN,J)=WINE,J))+B(2) S(WINNyJ¢L1)¢W(NNyJ=-1))¢0.52B(6)
1#(P(NNyJ+1)=P(NN,J=-1)))

1F ( ITER - JJITLR) 93,89,89

39 WW = ABSF(WEVAL-W(NN,J))
IF (RW - WW) 91,93,93
91 RW = WW
93 WI(NN,J) = ALPHA # WEVAL + (1,0 = ALPHA) ® W(NN,J)
95 CONTINUE
00 110 I = 2,NN
Ullyl) = ULL,3)
Wilsl) = =W(1,3)
p(lol) = 9(103)
110 CONTINUE

IF (ITER-IFIN) 120,125,125
120 IF (ITER=-JJITER) 200,135,135
135 1J=[J4+1

JJITER = [JeJITER

RUU = RU/RRU

RWW = RW/RRW
RPP = RP/RRP |
RRU = RU
RRW = RW
RRP = RP -
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128
130

i31
+50

6

155

160
200

05/729/64

INCR = ]

Jd = 1

KK = MM - §

IF (KK) 130,131,131

JJJ= MM

GO Y0 150

JJJ = INCR » §

WRITE OQUTPUT TAPE 10,1, [TER

FORMAT (1H] LTHITERATION NO. = 15/777)

WRITE QUTPUT TAPE 10,3

FORMAT ( THU ARRAY//)

WRITE OUTPUT TAPE 1042,((UL14J)y JxJJeJdJJ),yI=]1NNN)
WRITE OUTPUT TAPE 1046

FORMAT (//THW ARRAY//)

WRITE OQUTPUT TAPE 10,2, ((W(14J)y JxdJeJdIJ),yIs]l,NNN)
WRITE OUTPUT TAPE 10,5

FORMAT (//THP ARRAY//)

WRITE QUTPUT TAPE 104290 (P{T14J)ed=ddedIJ)sI=]lNNN)
FORMAT (6(4X E15.8))

WRITE QUTPUT TAPE 10,6, RUs RUU, RW, RWW, RP, RPP
FORMAT (//2X S5HRU = El2.69 2X 6HRUU s El2.69y 2X SHRW = El2.6,
12X 6HRWW = E12.6, 2X SHRP = E12.6, 2X 6HRPP = E12.6)
IF (JJJ - MM) 155,160,155

KK = KK=-§

INCR = INCR ¢+ ]

JJ = JJ+b

GO 70O 128

CONTINUE

CONTINUE

RETURN

END(1,1+090509191¢1¢90¢1+0,0,0,0,0)
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BONDED SURFACE

PLANE_OF SYMMETRY_

BONDED SURFACE

ro= 11333y, -

ENLARGED VIEW SHOWING GRIDWORK
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INSIDE EDGE

Notes

BONDED SURFACE E
OUTSIDE EDGE

. Upper oase letters on grid, Figure 8 refer to columns on computer output.
Lowsr case letters refer to rov from either end as noted.

example: 0.73755702 E - 01 means = 0,073755h

1
2.
3. U arrey denotes radial displacement.
N

. W array denotes axial displacement.

example: 0.4304493) E - 02 means w = 0.004304h
5. P array denotes pressure.

example: 0,13768537 E - 00 means P = 0.13768G

Figure 10. Geometry and Key to Computer Output.
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Inside,
€dge

Row@’—=-0.T1 2376480 -0}
p'—=-0: T 71eAL1E-0)
,/-o 67070283 =01

Rowe /'-o

H'II‘

ITERATION NO. o

VU ARRaY

Column 8’

1316084E-01
$790301€-01
J09392€-01
J815096E-01
=0.613500148-0]
=0.57002776E-01
=0.38004931€-0}
*0,96920022€-01
=0.9%440003E-01
«0.93971490£-01
=C. 5249004200}
=0.310246808-0)
*0,495553208-01
*0.48009026€-0)
=0.400250246-01
=0.45105034€-0)
=0.4)708)99¢-0¢
«42233005€-0)
=0.,40802070£-01
=0.39332730€-01
*0.371909699€-01
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~0.2%120602¢ 01
=0.23975560¢ O}
=0.20799304¢ 0L
=0.,27392001¢ 01
=0.20)53204€ 01
=0.29000445€ 01
«0.29707704¢ 01
=0.30658003C O}
=0.31007592¢ 01
=0.31706560F 01
=0.322049%6L 01
=0,32002799 0l
=0.333%012:¢ 01
«0.33036962¢ 01
=0.34293340C 0O}
=0s34719792F 0}
=0.35156060¢ 01
«0.356000)3¢¢ 01
=~0.35016R04E 0L
=036/ 196250 01
=0.36)93689C 01
=0.366)1702¢ 01
~0.36051496F 0i
=0.37035099% 01
=0,37108544F 0!
=0.37311A40¢ 01
«0. 376050520 0}
=0.37668102¢ 0)
=0.37501266€ 0L
=0,37506334¢ 01
=0s37677016( 01
=0.374205317 ol
=0.37)337:9C 01
=~0.37017004¢ 01
=0.37070614¢ 0Ol
=0+ 30893976F Ol
~0.368A7720€ 01
~0.364510673¢ 0}
=0.30105063¢ 0I
=0.35090318¢ 01
-0.355053064¢ 01
~0.35210133¢ 0l
-0,3682%551¢ 01
=0eJ0410304¢ 01
~0.33967540% 0L
=0,33494167C 01
«0.329912512 01
«0.32658810¢ 0}
=0,3109689%¢ 01
*0.31303500€ 01
«0.30606485F 0l
=04 300344490 01
=0.29354821€ 01
=0.29045927¢ 01
=0.,2790748%F 0}
~0.27139A13¢ 01
“0.26342832¢ 01
-0.25%16%50¢ Ol
~0.24660978¢ Ol
=0.2)776.2%¢ 01
~0.22061993¢ 0l
~0.21918574¢€ 01
-0.20943080¢ 01
~0.199430902¢ 01
-0.18912601¢ Ol
-0.170%2002¢ 0l
~0..6762009¢ Ol
~0.15642004F 01
=0,14694339¢ 01
~0.1331653t 01
“0.121099F 0}
~0.10873276¢ 0O}
-0.96079349¢ 00
«0.8)134331¢ 00
-0.699043446¢f 00
~0.36)03032¢ 00
=0.42%500111¢€-00
=0.20307195€-00
~0.10008123¢-00
0.
U,




APPENDIX C

APPROXIMATION FOR A COMPRESSIBLE ELASTOMER

Consider a thin disk of rubber bonded between two rigid plates, the
rubber being assumed as compressible.

2h

The dimensions of the bearing are denoted by
ri - inner radius
ro =- outer radius

2h - thickness.

Owing to the difficulties encountered in solving the equations of equilib-
rium, an approximate solution through variational methods will be
derived. In this case, the theorem of minimum potential energy is used.
A displacement field, u, w, satisfying the displacement boundary con-
dition, is assumed and put into the potential energy:

U=4% ,l;oij €4 5 v (C-1)
The theorem of minimum potential energy states that
6U =0. (C-2)

Thus, by taking the first variation of the expression U, two differential
equations and the associated natural boundary conditions are obtained.
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Assuming that

2
u=£(r)Q - 15 ),
h

Wo 2
w=2 gz +g(r) z (1-%)
h h2

3 2
B-rma-5)

%mﬁgf(r)

QH=g(r)z(l-':"')

Y-+ -3 7:)

2
-

Let
b= Trta
Then
2
— ) +
oij ei:] W=A"+206 l:erer * eeee ezez + 2erzerz:l
where
z2
= (£'(r) +-)(l - z_) +¥o 4 o)1 -3 =)
h h
and

2 22 2
Sl B a5 i sty

h h

2
P2 R 0 - )6 + 22 - 3 Z)
h

' £ 2 2
* A0+ o) (-2 (-3 5,
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(C-3)

(C-4)

(C-5)

(C-6)

rhdade




The following are expanded for substitution into equation (C-1):

22
€., = [£'(r)1° Q - i-z')

2 2
I Z
fa = r2 (l - 2)

=

2 22
it = () + £ - 35" + 2 glr)(1 - 33—)

2" ' 332
€rgfrg = B 2 f(r) + g'(r) 2(1 - hz)]

2 22 2 2 2
= 34 EZ fz(r) + g'z(r) 22(1 - &5) -4 '2—2 £f(r) g'(r)(1- 12') ]
h

h h
h h

222 2 4
1-%) dz-j [l1-2%+%2
b h? -h ne  nt
3 5h

=, .2 & + 120
a-52%5 00

h 2 3
j-h (1-3:—2')dz=(z-:§)]_h-0

h

2 3

Z _ lzh_ 4,
1L-%)dz =[z-5%],=
) hz 3 h2 =h 3
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h 2 2 h 2 L
Q-%2)1-3%)az= | (1-4%+3%)
<h h h <h h h
3 5 h
o bz 3 ]
z-
T AR TN
= _4 3.y-8&
2(h 3h+5h) 15h
h : .
2, _gah_2.3
f-hzdz 3]-h 3h
h h
22 L 6
2 2z 2 Z A
z<(1 - =) =j (2 - 2 & +%) dz
j..h h2 =h hl' h[‘
_dp.2,1ant
=2(h_3,_2h3+lh3)=L§_h3
3 5 7 105
B e A 13 2D .2qh
z(l-%)d=[32 -zs-h )|
-h h -h




R

2
jAZ dz =- hf'(r) + 3 ]2 +2% +%h g*(r) ol h(wo)[f'( ) + f]

+31L—g- h [£'(r) +f] g(r)
jerer dz = '}_—g h [£'(r)]?

jeeee dz=—hf/

2 X
fezez dz = 2h(v':1—°) +% h g%(r)
f €rarg 92 = 3o £2() + 213 g 2(r) - 221 £(x) @'(x)] -

Equation (C-1) is equivalent to

- 2
IWdV = {\A< + 2G (e:rer +egeg t e, + 2erzerz)}dV

- 2
-j(hA + 2G(e:re:r tegg €€, + 2erzerz)}rdrd6dz

2 2
- 2njx n e +4 + 255+ 80 20) + £ nll)[0(0) + )
15 Sh(e'(r) + £ a(r)) rar

2
16 12 £ W 8, .2 .
+~2nf20{l—5h[f (r)+r2]+zh(h3)+5hg(r)

+ 4= £3(r) + 7oz W' (r) - 53 b £(r) g'(r)Irar; (C-7)

15

but

zsjwav =0 (C-8)
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pYpreyamair gl

and
[rB o + L1t 10 + 21+ B n g 6 gt
+2n(®) forr(r) + %f] + 28 1 (orr(r) + i)
+22 1 [21(r) + L] bg(r)}rar

+jzc {{% h(f'(r) 6£'(r) + ;fé 8f] + %é'h g(r) sg(r)

£(r) 82(r) + & 13 g1 (r) sa'(r) - £ n 1(r)se’ (v)

3h 105
185 h g'(r) 8£(r)} rdr = (C-8a)

Expanding,
[r@niow + 2+ 8 8+ En o)) oo
+'[2G @% h £'(r)} 8'(r)rdr

+fa (22 nlr(r) + £33) + & néi)t + 18 &ldyar(r)rar

+fmidn L+ 3& £() - & n @) b2(r) rar

j 2036 12 1(r) - £ n £()) g (rIrdr

+fx {16 h glr) + 16 h [£1(r) + i]] 8g(r)rdr

+j20[1?6' h g(r)} 8g(r)dr = 0. (C-8b)
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From the first line of equation (C-8b),

jx (20 o) + £y + 8 ) 4 28k g(r)) 8o (e)rar

- [3rlZ v + 207 + 20 + 281 gloyacce) i

U nE o (0] + 1] + 2 n(52) + 28 i L(rgr) 1J0rtIrar

= r(22 nler(r) + %El] + g—h (o) + %% h g(r)] 8£(x) ]:0
i

@ + 20w+ End L 2y [

+ Bl yjee(r)rar,

From the second line of equation (C-8b),

sz (22 n £1(r)} 82" (r)rar

r > .
= 2Gr{%§ h £'(r)} bf(r)]r: - ZGf%'g‘ h % "'a'; [r £'(r)16£(r)dr

r ' g
- @ 0] 65012 - 8 G ) [tene) + S et

From the fifth line of equation (C-8b),

fZG['il?% n g'(r) - f—s h £(r)} 8 g'(r) rdr

r
= el ¥ o) - 0 £()) bg(r)],

- 2(;]% -g; {110_65' h° rg'(r) - % h f£(r)} 8g(r)rdr.
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Grouping terms in equation (C-8b), we have the differential equations for

f and g:

M2 h (e + 200 - f—1+ 2 ng'} + 26022 (2" + & - &3]
r

8

sﬁf+—5hg'}=0
L6 !‘—6- -1-'- -L6- 3 1"
A{ighe+ g h (£ +2f]) + 26 (55 he 105h (e
+Lnre+del =0
t 15 ’

After rearrangement, the equations become

1.

1 = G_
oL -5 - ' T WU
o2 2h2k+2G A+
gredg oA ME, T Ml oo,

‘h 2h

The appropriate boundary conditions are

f'+x+—25{£+5 +5 )} =0
%hzg'-f=0

atr = T, and roe

+4 g']

I'

(C-9a)

(C-9b)

(C-10a)

(C-10b)

(C-11a)

(C-11b)

For the sake of convenience, these equations are nondimensionalized

with respect to h.

Defining 7 =£
- - z
T h
g = g®),

(C-12)



the set of equations becomes

f"+§1" i—r AR F 4k =0
R R LR
r : r

and at rg and ry,

P+ 2

T =
T ot EEFE DI =0

3P0

§'-f=0,

(C-13a)

(C-13b)

(C-14a)

(C-14b)

where prime denotes d/dr, v - Poisson's ratio and the following re-

lation is used:

h:&o
1-2v

(C-15)

In the following, the bar will be dropped from quantities b,q, etc., with

the understanding that they are nondimensional.

Definc

]
]
&~ &M
HE
1
<

o
[
|
q
<

1-2v

1

d = ~2v

F Y N ]
(]

The differential equations can be written as

f"+';|:f' -l-éf-d*'bs"o
r

g"+%g' _cg_d(f’-i-%f)-oo
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(C-17a)

(C-17b)




i Consider

£f=A Il(kr)
g =B I (kr). (C-18)
Where I's are modified Bessel functions of the first kind,
1
! = - =
I, k Io(kr) > Ii(kr)
" o= 2 2 _k
I,"=k Il(kr) + 2 Il(kr) - Io(kr)
I =
Io k Il(kr)
I"=k1 (kr) - £ I (kr). (C-19)
o) o r 1
Substituting into equations (C-17a) and (C-17b),
2 -
[(k* - a)A+ kbB] I, =0 (C-20a)
2 —
[(k o C)B = de] IO =0 (C-ZOb)
or
% - (a+c - bd)k® + ac = 0. (C-21)

It is noted that this equation is the same as equation (C-24); hence, the
same k], kp will satisfy this equation and

. 1
F=- 2 E . (C-ZZ)

Now the general solution of equation (C-17) can be written as

f=A Il(klr) + B Il(kzr) +E K, (kr) +F Kl(k,r) (C-23)
dk dk dk

g=—=-AT (k) +—=BI (k) -E L. (x,r)
k2__ o'l kz-c o' 2 k.2__col
1 ~¢ 2 1
dk

- =2 F K (k,r). (S

Kk %c 02
2
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The derivatives are

= A[k I, (k r) - I (k r)] + B[k I (kzr) I (k r)]

+ K (r)] - FliK (cr) +2 K, (k,r)]

2 2
dk dk dr
k2-c 11 k2-c k2-
1 2 i

2
+JHFK (k r).
kzc

Thus,
(k° = a)A + kbB =0

—kdA + (k% - c)B=0.

In order to have a solution, it is required that

k-a bk
=0
=-dk k2-c
or
k¥ - (a+c-bd)k2+ac=0

2=é[(a+c-bd)i‘\/(a-'*'c'bd)z'l*ac]

k=¢{§(a+c-bd):§\/(a+c-bd)2r- aac}ﬁ..
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E[k K (klr)

(C-25)

(C-26)

(C-27)

(C-28)

(C-29)

(C-30)




XY

Since Ip (kr) = "Ip (=kr), it is noted that there are only two independent

solutions corresponding to

k) = {#(a + ¢ - bd) + 5\/(a +¢ - bd)? - aac}"}

and

k, = {4(a + ¢ - bd) - i\/(a + ¢ - ba)? - L;a.c}é .

In both cases,

kid
= Ao
? k 2-c
i
Consider next
f=E Kl(kr)
g=F Ko(kr).

Where K's are modified Bessel functions of the second kind,
! = % K_(kr) - = K, (kr)
l(1 o r 1l
e 12 2 k
Ky'=k Kl(kr) + =2 Kl(kr) e Ko(kr)
K! = -k Kl(kr)
2 k
K =k Ko(kr) + 2 Kl(kr).

Substituting into equations (C-17),

[(k* - a)E - bkF] K =0

[(kz-c)F+dkE]Ko=O.
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(C-31a)

(C-31b)

(C-32)

(C-33)

(C-34)

(C-35)




Thus,
(k2 - a)E - bkF = 0

dkE + (k° = ¢)F = 0. (C-36)

In order for this set to have a solution,

(K2-a) ~bk \
=0. (C-37)
dk (k*-c) /
Substituting into equations (C-11),
dk. 2 ak 2
(8 == -1) [A L (kyry) +E K (gr)] + (B —i - 1)(B I, (k,r,)
l-c k2-c
+F K (k)] =0
2 2
dk dk
1 2 -
& 5 - DI yry) + B K (gr)] + —5 - DB k)
1
+ FKl(kzro)]=O
and
Al I (kyry) = o= I () + 75 (& I,0ry) + 3 Io(ikyry)]
i i kl-c

i DL _2_
+ B[kZIo(kzri) - T Il(kzri) = (ri Il(k ) + J‘; 2. I (k ry )]
ks

dk
- ElkyK (k1) + K (kgry) - T (1—_ K, (k) - 3 21 K (k;r;)]
ry Ty kl-c

- Flif, (kr; )+ 2 K (kr, )= -l%;(— K, (kry) 5—2— K (k)]
k3-c

I"— 52 (C-38)

|.-l

An
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Al T (kr) -3 I (kr ) + 7% (%; I (ke ) + N » L1 (kr )]
1
e ooty g0
+ Blk I (kyr ) = 3= I, r ) + 70 (= I (kyr ) +3 == 1 (kyr )]
o To k2-c
- ElkK, (kyr,) + 5= K iy r) = 5 (K lgr,) - 3 5 Ky (k)]
o] o} kl-c
dk
- Flk X (k) + 2= K (r ) - 75 (= K (kyr ) - & =5 K (k,r)
To To k2-c
__ i () Yo (C-39)

For very large values of kr, the modified Bessel functions have the
asymptotic behavior

kr
I (kr) ~
P 2nkr
(kr—=) (C-40)
-Kr
Ip (kr) ~ —2—m—o.
2;

Using this and a set of new constants defined by

k.r k.r
Al = lo i A B! = e 20 ___ 1 B
2rrklro /2ﬁk2ro
(C-41)
=K. I, =k.r.
l E'==ell—--—l E Frl=e 21 —— I
' ,/ \/2
ngklru o kzri
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the four boundary conditions are written as

2 2
2 dicy T kl(ri-ro) 5 dk, T k2(ri-ro)
AV (B8 —=— 1) e + B!'(= -1)/— e
1 2 C 1
2 dkl2 2 dk22
+ E? (7 % -1)+F (:]- 5 ~-1l)=0 (C-42a)
l-c k2-c
2 2 2 . =k.(r -r,)
M@= _n+p @=2-D+p@EF -1 /2L et
7 k2"' 7 2_ 7 kz_c ro
17¢ 2 1
2
. =k, (r -r.) (C-42b)
+ P (R 22 - 1) ;}_ e 20710 _ g4
7 k2-c (o]
1 . v 1 de) fro kg (rger) 1 b
Al -1 Gy v/ e vk, - Iy
rl i kl-c i i
- T, kylrymr)) T o g
+y %)) [= - E'[k, + = - = (= - )]
2 r. 1 1-v *r 2
ki =c i i ki-c
2 1
dk W
ol vl 2\ =_2 (=) 2
-Fik. += =7 (=- )] = - ) % (C-42¢)
2 1y 1=v 1y kmc 1=v
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N
o e SR

l r v 2 o
o kl-c 2 To ~a ) kg-c
dk T k. (r_-r,)
1 v .1 1 1
-Elg vl o oy /d Y
1 o 1=V r kf-c T, 2
= -42
L1 (l__édkg)] ﬁekz(rorl) _Q(L)EQ_, (C-424)
r, l=-v ‘r kg-c ro 4 *l=v’ h

For large values of r,-r;, A', B' in equations (C-42a and c) and E', F'
in equations (C-42b and d) can be disregarded.

Hence,

dk dk
gk - B e ko &S
i kl-c i ol dk2-c

=2 (-2.y -2, C-43
2 ( (C-43)

and




In terms of A's, the general solution can be written as
r_ k,(r-r) [t k,(r-r_) r_ =k,(r-r)
£f=A —oel ° + B 2 ¢ %2 +E'\J— e
r r r
-k, (r-r_)
ol / =2 2 °
r
k (rr) dk,, r k r-r
/!o 1 +_ BI / ( o)
k2-
dk ¥~ -k, (r-r,) dey [Ty slky(rry) | (c.45)
-E'2l Lo 17 L =P T e
kl-c
When r - r; is large, the solution can be further simplified:
(1) Region near r,
r k
S /_2 _ 1(r=r,) oy o e1:(2(1'-ro)
r r
dk r k (r-r ) [ k (r-r ) (C-46)
g = AT l —° + B! —2—
k2-c < k e
1 2
(2) Region near r.,
/. k. (r-r,) [Ty -k (r-r
f =K -iel Y +ryf 2 )
r r
o dkl ?; -kl(r-ri) dk? Ty -kz(r-ri) (C-47)
g E > VT e - F! —“2 e .
kl"c -
(3) Away from ends,
£f=0
(C-48)
g =0
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Calculation of stresses is

> o

= ow Qu . u
oz (A + 26) az+A(ar+r)

ou , oW
= CE 5 2X
C’rz G(az Br)

at points on bonded surfaces (z = + h)

thus, at z = h,

zavg z=th

(C-50)

(C-51)

o(&{l=v)

1-2v

1-2v
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(Bl=v)y (o)

(C-52)



since

dkc,
g=—[AI (kr)—EK (kr)]
kl-
+ . (B Io(er) -F Ko(kzr)]
2
r0
j ry grdr = {;-%_—c (Ar I,(kyr) + Er K, (k;r)]

1
r

% —3‘—‘- (BI,(k,r) +F Kl(kzr)J]j °

k2-c ro
= d
=g {k >— (A I (kyr ) +E K (kgr )] + [BL, (k,r )
1 ¢ k2 =~C
+F K, (k,r )]
_r, (S [A I Gr,) + B K (kgr)] + —5— [B I (cyry)
1ty 2-c K 2—c
1 2
+F K (kr) ]}
For very large values of kr,
grdr = r, B
ry \/ klr \/- ac W
e-k?.ro
+F 1}
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e TR

. eklrl e-klri . . k2r1
sl e + Bl === £ —— B
kl -C .’zrrklrl \/% klri k2 =-c /21Tk2rl
-kzri
+F —=

or

1-2v  ‘h'’

hence,

(C-53)



0 3 h) L
i

It is also noted that the maximum shear stress occurs at the outer edge;

i'en s % = To.

Hence,
0 & e _ + 2G f(ro)
% avg 2G(1-v) C!g 4 %o
12v ‘B T _2 2 j grdr)
r “-r
o} i r.
i
f(r
= ( o) . (C-55)
1=V (wo - £I I'o 4 )
1-2v 'h 22 -
o il r

This is programmed for the cornputer as follows:

Let

F4l

= X1 '=2

= xX2 §'=ZZ-

oal

The differential equations can be written as

1 1 5 1-2v 1
! — -— — ) ——— 1 —— —_—
(z1) + 7 AR r2 X2 % Iov X1+ z T 722 =0

(x1)r= 21
1 21(1-v) 1
1 4+ = ke - £33 s
(z2)r + 3 22 - 5254 X2 332—2;5(21+r X1) =0
(x2)' =22,

Define

1™
AA T-0

R
BB = o

-1
tG 1-2v
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RAD = RAD@ + FI#RAD
NRR = (NR/NP) + 1.0
ND -
1 1
(Z1) ' = == Z1 + ——
RAD RAD2
()= 2a
R |
(2)* =1 75
()1 =22.

Define
DERZLF (A,B,C,D) = DRAD*(—% +

DERX1F (A) = DRAD*A

DERZ2F (A,B,C,D,E) = DRAD# (-

DERX2F (A) = DRAD*A.

22 + & #72 + 3,5%CCH(ZL +

D A S Vs s, .

DRAD = (RADN - RAD@)/FNR

FI=I-1

number of intervals skipped during printing

X+ (1.25%AA)%(XL) - (0,25%BB)¥*z 2

E_)
RAD

B

oap T (L.25%AR)¥B - O.25*BB*C))

2L
* A

][]

| ; B
3#D+3, 53#CCH(A + E)\)

1

The four independent solutions of X1, Z1, X2, Z2 are

1 s2(1,19),  s2(2,1d), S2(3,1d), S2(4,Ld)
Z1 51(1,1Jd), S1(2,1J), S1(3,1J), S1(4,1Jd)
X2 s4(1,19),  su(2,19),  su4(3,1d),  S4(4,1Jd)
Zz2  s83(1,1d),  s3(2,1d),  S3(3,1d), s3(4,1d).

Where the first index denotes number of independent solutions,

F(IJ) = A(1) S2(1,1J) + A(2) S2(2,19) + A(3) S2(3,1J) + A(4) S2(4,I) =X1
FF(IJ) = A(1) S1(1,1J) + A(2) S1(2,1J) + A(3) S1(3,1J) + A(4) S1(4,1J) =71
G(IJ) = A(1) S4(1,19) + A(2) s4(2,19) + A(3) s4(3,14) + A(L) Su(4,1d) = X2
GG(1J) = A(1) S3(1,1d) + A(2) 83(2,1J) + A(3) s3(3,1J) + A(4) S3(4,1J) = Z2.
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Since the boundary condition states

- w
2 ) (;—+§§>=-§<l+’v>;2
i
i - 5, vy "o
f"+('l—_"3) (=+4g) =- ﬁ(m)ﬁ-
r
o}
2/7g'-f=0

2/7g'-T=0,
using
DD = GNU/(l.O - GNU)
wd = wo/h

d
n F, FF, G, GG,

the following are obtained:

(s1(2,1) + DD (S—}‘%-(A%éil +0.5%54(1,1))) A

+(51(2,1) + DD*<82 2L + 0.5%54(2,1))) A,

RAD

)
+(s1(3,1) + DD*(sﬁAD L+ 0.5%4(3,1))) Ay

+(51(,0) + pow (2 + 0.5%54(4,1))) A, = - DDPHL.25

(s1(1,NRR) + DD* (S2LMBR) 4 sy 54,(1,08R))) A

RADN ) 1

¢ (st + oo SR+ .50 su) o,

+(s1(3,0mR) + pow (ZBAER) 4 6 5 51,(3,108)) ) A,
+ (S1(4,NRR) + DD (S2badBR) 4 o 5 54(4,18R)) ) A, = - DD¥ 1,25% Wg
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DO

S3(1,1) - s2(1, 1) (7 s3(2,1) - sz(z,l)) A

M 2o
N1

$3(3,1) - S2(3,1))A, + (% 53(4,1) - 52(4,1)) &, =0

+
N P PN

2/7 S3(1,NRR) - sz(l,NRR) (2/7 53(2,NRR) = 52(2,NRR) )4,

+(2/7 53(3,NBR) - 32(3,NRR))A3 +( 2/7 S3(4,MRR) - S2(4,NRR))A, =

Let these equations be represented as

{TRX} {A} = {B}.

Solving for A,

{TRX}™ {B; = {4},

Since B can be written as

1
i

- DD 1.25% wi |0 ,
0

F

{A} = = DD 1.25% w@ {TRX] 1<

QOHH

Calculation of stresses is
°ij = AAéiJ + 2G eij
9, = Ad + 2G ,
- (}\+2G)ez + )\(ee + er)
= (20) (&4 Y,

o. =2
rz zerz

=0 (U, Ow
. (Bz+ ar)'
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Consider points on flat surface (z = £ h),

Qu _u_
or r 0
M: L4
or .

Thus,

0, = (+20) & = (1426) (12 - 26(r))

= (w20) (- 20) = Bl (o _ o)

codu__ o 2) =
Orz sz G h -6 L.

17
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Iy

START ———»

INPUT = GNU, RAD@, RADN,
NR, NR, PMU, W@, H

A
IF END OF FILE

STOP

NO
\
SUBR@UTINE INT

SUBR@UTINE COE

OUTPUT

|
SUBRPUTINE STRESS

OUTPUT

Figure 11. Main Flow Chart.
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COPUTE Con.TaNT-

Ak = (1.0 - 2.00 GW)/{).0 - QM)
90 = 1.0/(1.0-0m0)

€C = 1.0/{1.0-2.08 -}

e

DRAD = (RADN-RADS) /MR

st x1,x3, 12, 12

ll’l
21

;-1.0 : ut:.ol

3 =1.0 i X3(h)=1.0

e = 1,4

ot,l) = K1
me,1) = 12

llrﬂ.l =
Dr,1) = X2

o

ARTI)=DERILP(21( DY) X3 (Dor),22(DNT), MaD)

AKX1) n{or

AXZ21=0EAZ2P(2) ( DNT) X1 (DY), 22( D0T), 22 {10} ,AAD)

Axxn=oousr(22{ Dr

AKZ)PoOERZIP(Z1( DNT)05AK2)] ,XT(IT)+0. SOAKX11,22( THP)+0. Seux2 1
JMAD0. SOMD)

AK212=08R17(71 (1P} +0. S4K211)

AK222oDERZ27(21 (1NT)+0. 508K211,X1 (DAP)+0, SoAKX13,28( INP) 0. SouKZ 21
X2( I3T}+0, SOAKIT1 , RAD+ 0. S4OMAD)

asxza=perxar(z2(1nr}+0. Seaxz2)

AK219=08R217({21 (INT)+0. 50312, X1 ( DIT) 0. SMAKX1 2,22 (INT )+ 0. SuKIn?
JMAD+0. 54PMD!

AJOI 9=DERIIP (21 ( DT }o0. SaaN212)

AXZ23=0ER227{21 (INT)+0. SoaKT12,X1 (DIT)+0, SMAKX12,22(INT)+0. SeaX212
X2{ DP)+0, SMKX22 , AAD+0. S4OMD)

acxay-oexsar{za{ prr)-o. senxza2}

AKZ1e=DERI1P(2) (DY) eAKZ1 ), X1 { INT)+AKKY 3,22 1NF }+AKZE), RAD+ DRAD)

A1 w=pERN17{ 1) ( DIT)eAKI1 )

AK2 pe=ER227{7) ( DIT)+AK21 9,23 (INT) *AKX1 ), 22( INT)< AR22),

2( DT} AKK23, MADDRAD)
AKX MoepexX27(22{10T) - 4K22Y

!

21(DAY=23 (D)o (AK211¢2.0MKZ1 2+, OMZ]) YoAKZ14)/6.0
n 1( 107 )+ (AKX11+2. OMKX1 22, OSAKXL JoAKX1N ) /6.0
IH DM =I2( DY t;:.o
X2(DeT, I, 0

+(AKZ212.00MK122+0. OMKZRIARZ 2}
*(AKX21+2. OMKX 22+ . UNEKLSS-AKX S

TE
855

4,8,C,0)2(-4/D-3/0%2-1 . 250408 +0, 250 IeC JoOMD
:).:::l)-(-cmn. 080/44+3. 50COS(4+5/R) )oOMD
DENLLIP(A ) oACORAD

=

Figure 12. Subroutine Int.

"“WWM -l e e SV . s i e o
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START ————pd INPUT

l

NRR=(NR/NP)+1
DD=GNU/(1., 0-GNU)

»{ DF I=1.L

Y

=51(T,1)+D0*(52(1,1)/RADF+0. 54SH(I,1)
,1)=s1(I,NRR)+DD*(S2(I,NRR)/RADN+O. 54Sk(1,NRR))

™X(1,I

T™RX(2,I g
T™Rx(3,1)=(2.0/7.0)%s3(I,1)-52(1,1)
TRX(4,I)=

2.0/7.0)%s3(1,NRR)~=S2(I,NRR)

?

SUBRSUTINE INV (TRX)

1 DJ K=1.4

Y

A(K)=-wWp( TRX(K,1 )+ TRX (K, 2) }*1. 254DD

»{ DF IJ=1,NRR

¢

|

o

b &) -A? »s2(1,1J +A$
1)es

1J)=A

FF(1J A§1;
1J)=A(1

b(1,T3)+A
*51(1,13)+A
*53(1,10)+A

2
2

*Sl(2,13)+A(3
22 Sl 2,1.!3%53;51 3,1
2)%53(2,1J)+A(3)S3(3,1J

si(3,1J)+A(Y

)

sh(ly,1J
+A(4)ss1(L, 1
+A(4)ss3(4,1J

nsz(z,n;u 3;52 3,1 +A(NE‘G2 u,ng

Figure 13.

WJ’

END

Subroutine Coe.
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START —— INPUT

EE= (1.0 -GNU)/(1.0-2.0 % GNU)
NRR = (NR/NP) + !

D& 1= {,NRR

SN (1J) = 2.0 % PMU % EE % (W@ -2.0 % G (i)
ST (1J) = 2.0 % PMU % F, (1)

END

Figure 14. Subroutine Stress,
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C

AUTOMATH SYSTEM 06/22/04

a8 souvrce PROGRAM LISTING

TITLEBEARING
MAIN PROGRAM LAMINATED BEARING

COMMON @NU: RADO+ RADN. NRy NPy PMU, WOs HeX1e21072422,
181¢ 524 83y 86, Fy PPy Gy GGo SN ST

DIMENSION X1(4)oZ1(8) oZ2(4)eX2(A) s S1(495) ) eS2(4451 )os83(4e51)0
1840451 Jo F(51)e FFIS1)e GIS1)e GGISL)s 5N(S1), ST(S1)

10 READ 4 (GNUIRADO+RADNINR (NP «PMU o+ WO oM
4 FORMAT (3E€13,8, 213/3E15,0)
1F END OF FILE 200,201
200 sTOP
201 PRINT & GNUJRADO+RADNINR

6 FORMAT (LNL1/3X¢OMHGNU ® F10,3¢ IXeTHRADO ® F10,3y 3XoTHRADN » F10,3
Lo 3XeSHNR = 13//)

PRINT 7oNP¢ PMUs WO M

T FORMAT (IXeSHNP 8 18 3Xe0HPMU & F1063: IX45HNO s F10,9,
15X eaHH & F10,0///77)

20 CALL INT
40 CALL Cot
PRINT )
1 FORMAT  NL1/4SXe29HDISPLACEMENTS AND DERIVATIVES//)
PRINY 2

2 PORMAT (/7 10Xe2HTJ OXoL1HF  FUNCTION TXe11WG PUNCTION 18X,
113H F OSRIVATIVE 7TXe134 6 DE%IVATIVE//)

NRR s (NR/NP) o}
PRINT 30(1Je Fil)e G(1J)e FP(TJ)e GG(IJ)e1Un]oNRR)
3 FORMAT (10Xo1242%X0E1548¢3X0E15¢00 16XeE15,815%0E15,0)
60 CALL STRESS
PRINT 101
101 PORMAT (1ML/4TX 23H STRESS AY FLAT SURFACE)
PRINT 102
102 FORMAT (// 35X 2M1J 7X 14H NORMAL STRESS 10X 14N SHEAR STRESS)
PRINT 1030 (1Je SN(TJDs ST(IJ)e LJsloNRR)
103 FORMAT (35X 12, X E15,0, 9x E13:0)
60 10 10
END
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62

£
12
+14
61
81
i
91
st
L 3¢
€1
21
11

o O
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- N ® € 0N O r+~ ©

O9NIL1S 1AM

(IN1)2Z°T1XAVeS®0 *

(INIIZZ *T1IXAVES®0

(Qvy ¢ (AND)2ZX*

(ANIDYIX STIZWVeS 0 ¢ (ANL)T12) 38483l 3 cceAv
(1120veg®0 ¢ (IN])T2)31X¥3Q s ZIXAY

{QVNQes 0eQVY *TZZAVES°0el
CANI) IXOTIZAVES®0 » (UININ12)341203Q = 212V

((IN1)22)42x¥30 = T2X0Y

(INIDZ2Z¢  (ANDIDIX *  (AINI)1Z)42Z83Q & 122XV
(¢(AINIDT1Z)4TXH3Q = TDXOIY

(QVY® (IN1)ZZSCANT) IX® (INI)T12) 412830 o TTZAY
Qvuaeld + OQvy = QvY

1= 1 = 14

¥N*1 =1 09 0Q

dNsddN

s}

1INl 00T OQ

ANNILNGD

(ANIIZX 8 (T*ANI)OS

(IN1)2Z = (1°AINI)ES

(INIDIX = (T*INDI2S

(INIDTIZ = (T*INDD1S

91 = NI 02 OQ

0°1 = (e72X

0°1 = (€)22

o°t = (2)1X

o°ls (112

(2X*22*Ix* 1) ISvaa

¥NA/ (OQVH = NGV¥) s Qvdd

N = ¥Nd

(NAN9#0°*2 = 0°1)/ 0°t = D

(NND = 0°1)/ 0°t = @4

(AND = 0°1)/(NND=0°2 = 0°1) = WY

(T1S)LS C(TISINS ¢(16)DD ¢(16)D ¢(16)4d o(IS8)d *( Tg*y)oST

S{TIG9)ES*( 169128

1S09) 16 8 (92X (91225 (o) 120 (8D IX NOISNIWIQ
IS NS %90 %9 84 ¢35 %45 ¢g§ *2§ *1S]
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09
(19
119
i
9%
§6
'
€s
141
18
0§
(1]
"
iy
9%
14
*"
€
(44
1
oy
(19
1 1

133
%

111
*"

1€
o€

6z
L 1

GN3
avyg + v = (V) 42X¥3Q
Qy¥Qe((3/@ * V)#dJes°C * vYy/Qe0°1Z ¢ 3/3°) = (3°Q*d*e'V)422¥3Q
Qvig ¢ v = (V) 41x¥3Q
QV¥Qe (Je@RSZ°0 = Quyyes2*l  Zeal/@ *0/¢=) = (0*D*@‘YV)412¥3Q
N¥NL3Y

3NNIANOD 001

3NNTLINOD 09
FledN =ddN
1erlar]

3INNILINDD o0€

1*3dAL 002
00€°002 (1 HOLIMS 3ISN3IS) 41
(AINDIZX & (1eF1*AINI)OS
(INI)2Z ® (TeFI*INI)ES
(INI)IX ® (TelI*ANDI2S
CINIDTZ = (TeFI*INDIIS OF
OE*0C 09 (daN=1) 4]

0°9/ (9ZXAVEZXAVR0*ZoZZXAAVRO ZoT12XNY) *  (ANDIZX = (ANTI2X
0%9/ (92TAVEEZTAVL0°29222AV0° 2+ 1220Y) (UND)2Z = (AIND) 22
0°9/ (STXAVAETXAVEO 202IXNVHO ZoTTXNY) o (AINI)IX = (ANT) TX
0°9/ (SIAVEETIZAVLO0 ZOZIZAVRQ 20T I2NY) o (UND1Z = (UND1Z

(€2ZXY * (INI)22)4ZX¥3Q = 92XAV

(Qv¥QeqQv¥ *E€2XXy ¢ (IND)2Z2XT
SEZZAY o (UANDIZZ *€TXY ¢ (ANIDIX SE€IZXV o (INI)12)422¥3Q0 = 922V

(ETZXNV * (UINDITZ)4IX¥3Q ® S1xNY

(QvyQeQvyl
SEZZAV ¢ (UNIIZZ *E1XV o (UINIDIX SEIZHY ¢ (UNI)TZ)412830 = 12NV

(222NVes°0 * (UINI)2Z)42X¥3Q » €2XNY

(QVHQeE*0eaVH* ZZXVEE*0 @ (UINIIZX *2Z2AVeG 0l
(ANIIZZ *ZUTXNVEE°0 ¢ (UNIIIX SZT2XVeS®0 ¢ (ANI)12)422¥30 » €22XY

(ZIZAVEE*0 * (UINDITZ)4T1X¥3Q = E1XNY

(QVYQuE*0*QVY *22ZXVeS®0e1
(AINDI2Z *Z1X0IV2E®) @ (ANDIIX *ZTIZXAVeS®0 ¢ (INIDT1Z2)41Z83Q & G12XV

(12ZAVes°0 * (IN1)22)4ZXH¥3Q = 22XAVY

(Qvd¥Qes 0eQvY *TZXNVES°0 ¢ (UNI)IZX *T12ZAVes°0el
(ANI)2ZUTIXAVEE® 0 ¢ (ANIDIX *TUIZAVES®0 ¢ (UINI)T2)427¥3Q = 227XV

(TI2XVeg®0 ¢ (INI)T2)41X¥3Q = ZIXANY

(QYYQes*0eQVY *TZZAVES 001
(ANII2Z *TTXNVES*0 o (AND)IXOTIZAVES®0 ¢ (UINDD12)41203Q0 & 212V

CCAND) 22) 42X030 = 12XXY

ST NA e YIYYW




%59

DERX2F (A) = A » DRAD

60

END

AUTOMATH SYSTEM 06/22/64

®eae SOURCE PROGRAM

SUBROUTINE INV(A)

C ROUTINE TO INER A & BY & MATRIX. Al4y #)

DIMENSION A(4, &)
DO 51 9 14 @

B s Afle I)

DO 1Ke®e 1. 4

Alle K) = A(lo K)/B
00O 6 K& 1, &
IF(Kel) 20 4o 2
CesAlKe I)

DO3 L s 1y 4

AlKe L) ® A(Ke L) » C @ A(ls L)
AlKsy 1) # =C /B
CONTINUE

Atle I) # 1,0/ B
RETURN

END
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AUTOMATH SYSTEM 06/22/64
anae SOURCE PROGRAM LISTING .
SUBROUTINECOE

COMMON GNUs RADOs RADNs NRoy NPe PMUy WOo HoXx1eZ1l9X2422,
181¢ 824 834 S4¢ Fo FFy Gy GGy SNo ST

OIMENSION X1{(4)e21(6)s22(4)oX2(4)s SL(495]) ) 9S2(4451 ) e53(4s51)
18404451 )o F(S1)e FF(S1)e G(B51)e GG(S1)e SN(51)y ST(S1])
1eTRX(444) ¢ A(S)

NRR s (NR/NP)e1l
DD & GNU/ (1,0 « GNU)

00 10 1 & 1.4

TRX(1e1) = S1(1e1) oDD & (S2(1¢1)/RADO ¢ 0,5#86(141))

TRX(2+1) & S1(TeNRR) ¢ DD ® (S2(1+NRR)/RADN ¢ 0,5% S&(lNRR))

TRX(3¢1) 8 (2,0/7,0)%83{1e1) = S2(10l)

TRX(401) 8 (2,0/7,0)%83(14NRR) = S2(1sNRR)

10 CONTINUE

20

CALL INV(TRX)

DO 20 K sl.4

A(K)o=WOR{TRX(Kel) o TRX(Ks2))#1,2540D

CONTINUE

00 30 1J = 1o NRR

FiIJ) » ALLINS2(10BJ)0A(2)082(2:1J)0A(3)0S2(3e]J)eA(4)082(4,]))
GUIJ) = ALLINSA(LoTJ)eA(2)0S4(2:1J)6A(3)284(30]J)eA(0)RSA{4,]1))
FFRIJ) wA(1)RS1(LeTJ)eA(2)RS1(201J)0A(3)RS1(301)eA(4)0S1(4,]1))
GG(1J) AR (1e1J)eA(2)9S3(2e1J)eA(D)IRSI(301)eAl4)RS3(4,4]1))
CONTINUE

RETURN

END
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AUTOMATH SYSTEM 06/22/64

eanae SOURCE PROGRANM LISTING

SUBROUTINESTRESS

COMMON GNU¢ RADOo RADNs NR¢ NPy PMUy WOs HoX10214X2022,
181 S2¢ 83y S84, Py FPy Ge GG,y SNy ST

DIMENSION X1(4)oZ11(6)¢22(4)eX2(8)0 S1(%e51 )e32(4451 )e83(4e51),
184(4451 ) PS1)e FPI31)e G(32)e GG(S1)e SN(51)y STISY)

EE =(ls0 » GNUI/(1:0 = 2,0%GNU)
NRR ® (NR/NP) e}
DO 10 1J ® 1,.NRR
SN(IJ) ® 2,0 ® PMU & EE & (WO = 2,0 ® G{IJ))
ST(1J) ® =2,0 ® PMU ® F(1J)
10 CONTINUE
RETURN
END
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APPENDIX D

PURE TORSION IN LARGE-DEFORMATION ELASTICITY
OF AN INCCMPRESSIBLE ELASTOMER

Take as a reference frame cylindrical coordinates r, 6 , z in the deformed
body. Then a point r, 8, z was initially at the pointp,6-¢{2z, z, where p is
assumed to be a function of r only, and the point of the undeformed body
is given by

xl =P COS(G-CZ),
X, = p sin(6-Cz),

x3 =2, (D-1)
where ¢ is the angle of rotation in the z direction,

The components Gj;, GlJ of the metric tensor of the deformed body are

/
(1 0 0 1 0 0
i 2 . (D-2)
Gij=<0 2 0}, Glj=<0 1/x% 0 &
o o 1 o o 1 {B7:5)
\ : /

The components gij’ gij of the metric tensor of the undeformed body are

1 0 0 ) (1 0 o| (D-4)
g, = (o 2 L g (o @rin? ) o)
CE S 1+c,‘°~r2J 0 ¢ 1
Since G =g = rz, t..e incompressibility equation I3 = 1 is satisfied.

Consider the Mooney stress-strain relation for which the strain energy
functions are given in terms of two constants, C| and C).

W=0(L-3) +C,y(I-3). (D-6)
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Thus, from equations (E-7) and (E-T7a),

# =20, ¥=2,
¢ \
2+¢2r? 0 0
_ 2
Ut § O SrERE
e C 2 )

The contravariant stress tensor is

n . + 2%+ p \
T _2(01+202) €, ¢ r

222 _ 224+ p
reT 2(cl + 202) + 2(cl + 02) C“r

33

T

33 _
7 = 2(C) + 02)6

y

31 _ 12

T

The equilibrium equations are

Kl Tk pXdr g,
1 ir ir

From the metric tensor for a deformed body,

l = =-
F22— 5

2 _ 2 _ .
rf,=r3 1/r

The rest are zero.
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(D-10)



The equilibrium equations are

936 (D-11)

or

ar

9P _

5 =0 ? (D-12)
P _

02 e

y

From equation (D-7),
2P - 20, )C3 =
&+ (4G, 26,)¢°r =0

and 22
P=(Cl-202)Cr +a, (D-13)

Since

T =0 atr=r, (outer radius)
2_ 2
P=-2(C, +20,) - 2,(°r,
_ e (D- 14
a = -2 + 20,) - C C%r, :

. , 2 2 2.2
P = -2(C, + 20,) = C;¢°r, "+ (C) - 2C,)¢°r (D-15)
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1 2 2 2 2 202 _ 2 \
T =0 C"r, " + 6 (°r" = C. ¢ (r -ro)

222 _ 2.2 2.2 _ 2/, 2 2
rr -BClCr - C,C°r, —clc (3r -ro) ? S
3 - -ClC2r02 + (Cl - 202)C2r2
= 205 + o)) /

The physical components of stress are

i3 T \Ic'i,j/c’ii ™ (no sum) (D-17)

-
0y = = ClCZ(r2 - roz) \
2 22 2/, 2 2
0,, =t =0 ¢“(3r° = r <)
22 e o ? . (D-18)
033 = 77 = 6,¢%(r% - r ?) - 20,657
23 _
0,3 =TT = 2(Cl + Cz)rc /
031 = 012 =0

The surface tractions at plane end (bonded surface) are

T =0 *

r
T, = r2% |, (D-19)
T = 733

z )
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The moment required for the twist is

M= | (rT8)rdrde = | rP1%%drde
J J

& 2 2
2n jb ¢, ¢ (3r3-ro )dr

2.2 4L 4 2 2
L r “r“r r r. ) R
= 2 pe3r° 0 o _ 2ry 0. _ A ,.0 i
2nC, ¢ 5, 2 ]ri T )
M= 6, ¢ [ro“ = ri“ + 2r02ri2] , (D-20)

Force is also required to prevent elongation:

b b
N = 211] 1'33rdr = 2n f [ClC'?(r2 - r°2) - 202C2r2]rdr
a a

I

a6, ¢*r %/2 (r 2 - r.%) + (0 - 26,)¢% #(r % - r,M))

i
C C C
P S NI
nc<{- T + 5 T T3 - ? (roh - rih)} . (D-21)

It is found that in order to maintain this state of deformation, pressure
must be applied at the inner curve surface. The magnitude of the pres-

sure is
2 2 2
-G, ¢ (ro = Ly )
where
Fi = inner radius
1-.o = outer radius.
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APPENDIX E

LARGE-DEFORMATION ELASTICITY THEORY
FOR AXIAL COMPRESSION

In order to characterize the deformation of an elastic body, the position
of each point in the body before and after deformation must be described.

That is, if a point in the undeformed body is at yl,yz,y3, then in the de-
formed body it will occupy the point x1,x2,x3. For the current problem,
it is convenient to employ cylindrical coordinates for this description;
therefore, an undeformed system (r,G',z') is defined by

yl = T ces', y2 = r sin6', yj =N (E-1)

and a deformed system (p,8,2) by

xl = p cosb, x2 =p sin®, =2 (E-2)

In particular, since the loading in the present problem is axially sym-
metric, the deformation may be considered in the form

p =p(r,z'), z = 2(r,z') and A = 8' + t(r,2). (E-3)

In order to determine these functions, it is useful to consider another
description of the deformation. For this purpose, the distortion which
the initial polar coordinate system undergoes as the body deforms can be
taken into account if these coordinates are considered to be embedded in
the material. To characterize this distortion, the metric tensors Gjj and
gij’ which are associated with the polar coordinates before and after de-

formation, are defined as

_ 't _x
Giy =3 and  gy5 T 77
1 3¢t a9 I ¢ @ (E-4)

where (pl =r, (p2 = g', (93 =z', Using equation (E-1), we obtain

1 0 0
- 2 . (E-5)
Gij 0 r © I H
0 0 1
93
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and from equations (E-2) and (E-3),

2 2 2 =
o2} 2 (8t 8z 23t PP, 23t .3 dz
[Go) +e° G +GDI1 » ( +p t 3,

ar or 9z' dr oz! 2!
.= 2 ot 2 2 3t
%] ? 3r P YT

2 2
(%422, ey 23 (22 4 2 By 4 (&) )/,
(E-6)

In terms of the above metrics, Gij and gij the stresses 729 in the body
may now be determined. As afirst approach to the solution of the prob-
lem under consideration, we will consider the material to be incompres-
sible and use constitutive relations given by

1§ & gt iJ _7)%

where

Qij = TS g G glr ols g

rs rs '’ (E"?&)*

¥ and ¢ are constants, and p is a scalar function of position. Further-
more, from equations (E-5) and (E-6), the contravariant components of the
undeformed and deformed coordinates which appear in equation (E-7) are
found to be

1 0 0
=0 142 0 b (E-8)
0 o0 1

and

Matrix where each component \
is the cofactor of the cor-
gv = responding component in array | (E-9)
(E-6). This is shown later as
(E-21).

*See reference 2, equations 1.15.13 and 1.15.9, page 28.
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Since the stresses are defined, it is now possible t _btain a set of
equations whose solution will yi. 1d the desired functions (E-3). These
equations are obtained by usiuyg the equilibrium equartions

iJ i _rj J .im _
'r,i +1“ri T +I"im T 0 (F.-10)

B
where the rst, are the Christoffel symbols of the second kind defined by

r __ kr -
Pet =28 [gsk,t T Biy,s gst,k] (E-11)

and the stresses are given by equations (E-7).

It may be observed that, due to the complexity of the tensors gij and gij
the equilibrium equations as defined above will be extremely curibersome
(see Appendix D equations). It may also be observed that if we had, in
relation (E-4), identified ¢''s with the deformed rather than the undeformed
coordinates, the resulting form of the equilibrium equations would have
been greatly simplified. The following considerations, however, indicate
that this approach is not practical, since it introduces difficulties in the
boundary conditions. If the undeformed coordinates appear as the inde-
pendent variables in the equilibrium equations, as is currently the case,
the boundary is located by specifying its undeformed position. If, however,
the equilibrium equations are simplified, as described above, the de-
formed coordinates will appear as the independent variable and the boundary
must be located by specifying its deformed position, which is unknown

until the problem has been solved. It is observed that the three equations
(E-10) contain four unknowns: p,t,z, and P. However, using the fact

that the material is incompressible, a fourth equation is obtained,

i,

.l
e = - [}

1J

which states that the volume of any portion of the body remains constant.

Up to this point, the loading history of the body has not been discussed.
However, it is apparent that unlike in a linear elastic theory, the order
of loading must be specified. In order to build this information into the
equations, the following considerations are used: Let p,t,z, and P be

made up of contributions due to compression and torsion (i.e., let

p = pc + pt’ z = zc + zt’ etc., where pc and ptrepresent components
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after compression and tension, respectively).

. i S By R Qs ¢

Since the compression is

applied first, equations (E-10) are solved for p.,z., and pc(i.e., tc = 0)

with Pt =t. =2¢ =P, = 0.

the torsion contribution is now determined.

Having solved for the compression contribution,

It is observed that the torsion

considerations are influenced by the initial compression by way >f the
compression-torsion coupling terms which appear in the equilibrium

equations.

Having set up the field equations, we must now consider the boundary

conditions.

r=R,

Figure 15,

r=Rj—m

:a::[ ________

IO,
R

Sketch of Coordinates for One Lamination.

For the compression problem, the boundary conditions which rmust be

satisfied are as follows:

at
z' =1 h,

at r = Rg, Ry,
boundary, tP% = ¢0S = Q,

ani(h-éo), p

(E-13)

traction is zero, or in terms of a coordinate system on the

or
2
rr dp 1 Yot
. AN _ (Qﬂ.gz) T +2(§) 'rcrz +ngz s
¢ 2
1+ ()
2
rr rog .
= ns _ 'b(%le) LR [(%2 - 1] 'rcrz + (Q_i) .rcz 2 )
= e 9&2 =)
1+ (dz)
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And for the torsion problem,

at 1= 4 S =p =
z s=ah'% 2, =z %t (h 60), p, =P, =T
_ (specified twist angle)
T, =7
t o}
= nn _ nn n 191
at I‘—Ro, Ri, T, =T, = @, TtSZTCns':Oand Ttee=0'

Having formulated the problem, a method for obtaining the solution will
now be considered. For this purpose, consider rewriting the equilibrium
equations and boundary conditions using the displacements

P . =-r =y Py = =

c ¢’ t ug,

z, - 2! =W 2y - z! =Wy etc.,

rather than the deformed positicns, as depencent variables.

If it is considered now that the lincar elastic equations are given in the
form

f(u ’ “P) =0, g(U,W,p) = O, h(u,W) =0,

then, with the above change of variables, the non}inear equations will be

£(u,w,P) = Z(u,w,P),. g(u,w,P) = G(u,w,P)

h(u,w) = H(UJW)

where F, G, and H represent nonlinear contributions. The solution to
these equations can now be obtained by using a numerical technique
similar to that used in the solution of the linear equations. To do this,
the nonlinear terms, F, G, H, which appear in the equations are treated
as if they represent a nonhomogeneous portion of the linear elastic equa-
tions. That is, in each iteration it is considered that the nonlinear terms
are known, the value being given by the value obtained from the previous

iteration.
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Combined Compression and Torsion

Assume that a rubber annulus is placed under axisymmetric compression
followed by torsion. Consider deformation described by

deformed coordinates (r,0,2)
undeformed coordinates (r,0',2")
where p =p(r,z")

z = z(r,z")
g =20"+t(r,z2")

The metric of ¢ in the undeformed coordinates is

r - F
. = QL. éL (E'ls)
iJ awl acp‘j

where

1_ '

¥y~ = r cosb

y2 = r sin@'

y3 = Z'
and

I

® =r

(pd = g

(vg =3 zl;
then

i 0 0
=0 o (E-16)
0 0 1
2
lGijl= r (E-16a)
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and
1 0 0
ij _ 2
GY=120 1/r 0 (E-17)
0 0 1
i3 _ 2,2
[6Hd] = 1/r°. (E-17a)

The metric of ¢ in the deformed coordinates is

r r
. _ ox 9x° (E-18)

where

Expanding the separate derivatives in equation (E-18) yields

i

1 1 1
o .2 3 P, 00 08 oseéﬂ-P sine &

awl 3ar o or a8 oar °°% %r or
2 2 2 1
sl or % or t 36 - sind 5o+ P cosd I

S YR

1 Jr 3z Jor or

o
2 38 N P S
o? ob 06
ax2 _ Bx2_8x2 96 _ 9
2 .af 38 URRRICOS
e 06 o6
3
%:ﬁx—'_—.o
o 08
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ot _ad o, alae | g g0t

3 9z ¥ dz' 36 2 32" r
2 2 2

ox ox_ _ 3x_ 2P T 26 _ .4 20 ot

acp3 az' ap az' + ae az' Slne az + P Cose az'

then
(@) +02 @+ @)% 2%t (22, 20tot 2202
or dr dr " 3r ‘or az dr dz! T dz!
= 2 9t 2 2 3t
Bij Y : Yy
[§2§2_+ 2§£5L+5_Z_ﬂ_] 2&'0_[(.3_2_)2 (at) +(§P_)2]
or 32! P 3r z! r 3z' . dz' "oz oz' ’
(E-19)
which implies
. (7 o+ 0% o2 2
ey =0 LR T e% i p2 1 0%, [op, 0%t 22 )

2{[p2+p2t2+22][2+92t2+p ,][pp +p‘2tt,+ZZ,][pp,
r r r r 2 r z r 2z

2 . 2.2, .2
+o% b, +22 1) - p%_, {p%t,,[02 + 0% 2 + 2]

- p2trltprpz' ¥ p2trt‘z' & Zrzz']}
= 02022, + 222, + 0202, v 202 <0t - 2l - 9,22,
and
o - B B
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Thus,

2 2
2 22 2 2
o2 (&) + &) P (B E Ay, & (&) + (&2

o 2 2t 22 32 1, 2 1) 4 )2 R X, AAu R w2y, RU NP
giJ [9h]2 g [g? r%%%?*'a'i'aﬁ_']*ar r(SET) +(pz') e [(% d3z' T ar az') *(ar az' ~ 3z br)]*(arS:—'-br dz!
2 3 3 2 2
< gk 1 155 16D+ @) + 3L (@A yda i)

220 a2
=P rar 3z’ +§§az']

2 3.2 21 2
P2 (B 13 4 02 v B (R 8 L)) (E-21)

dr 3z'  ar dz!

2 2 2
0% (32) + @)

Now the strain invariants are

L=6G"gy=8; 28227 B33 (E-22)
and
LGl 2 — .
= = ’ -
3 ]gij] p2n*

p = —=L (E-24)
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Also, from equation (E-7a),

ij _ ij _ air Js
Q —IlG G G 8

it 0 O\

" . .
where G'J is the diagonall 0  1/r O/.
0 0 1

Thus, the components of Gl are

11 _ E G o W \
Q7 =1 GT -G G gy T 1/r7 gy, e

22 _ 22 22 ~22
Q —IlG -GG 855

li
H
~
=
oo
}_}
H
+
oq
W
W
S

33 _ 33 .33 -33 —
Q- = Il G~ -C"7 G g33

Y. (E-25)
g2 = oF =gt ¢® 8, =~ Mg,

Thus,

\
deformed unde formed deforned
coordinates coordinates coordinates

which is then substituted into the equilibrium equations, (E-10).

Compression Only

For the problen.: of axial compression only, the formulation is carried
further as follows:
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For the case of notation, let

p =rv + l (E-206)
From equation (E-17),
1 o 0
GH 1/r°
0 0
From equation (E-20),
- (L 3z _ 2z y_ du SW_y _ w du
b= Graar ~aragr) TIAFFIQHEN - (E-2)

and from equation (E-23), h is also given by

h=r/p. (E-27a)

From equation (E-21), the components of gij are

2 2 2
11 _ 1 8z Fo. N -1 O _w_ ]
g - h2 [(azl) + (Bz') ] h2 [-(l + azy) ( ) \
2. 1 o mE Ll 1w
p h dr d9z' dr dz' p2 5 2 r2
r (l‘i';l)
2 2 2 2
3_L r( ot -1 du 2wy <) )
7 =S TED + G 1= Targh + @Y )
1 _L E ~ 0z o d 3 o't Sw
=g it or 027" 2[(l+ o) g7t oar A5
REN 3. 322
(Since torsion is zero, ¢ - 0)
(E-28)
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Fr~om equation (E-19), the components of gjj are

2 2
fo/c} 9zy _ e = nl 33
@) @ ey @ -2,

€11 7
g22 = = (u + I‘)d = r2(l * u/r)2 = I‘4/hd
2 .2 2
= By - ow_ duy _,2 11
£33 (az') (az') 1+ 3z (az’) i
= =P 2p_ 4 2z9z _ = nR31,2
850 = 813" 3r 027 T or dz7 - O )Bz‘ 3,71 + 3.7)= =h g t=ng ‘
823 = 83p T8y T 85 =0 /
e
(E-29)

Now the components of 9 from equation (E-7), by substituting from
equations (E-17), (E-25), (E-28), and (E-29), are

: 2 -
egrds + 0+ @1 B |

h h
22 _% X
2t 3

2

1 3V, < M 2 W 2
=?{°+Y[(l+-a_r) +(1+§;—,) +(a) ( )]+Ph}

33

g 't
2 11 i
+ + P == =3 + =

- 2
I+ + G0 (v + Pn)

&) @y + A o2y

13 _ 31 _ 2
A=y By -

or’ ‘dz!

(E-30)
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The equilibrium equations are now

1J
T Sfa = 0
/3
or
o+t T Sl
! ri im

as shown in Equation (E-10),

where

-

r — & kr + -
Fy =38 leg " 8k s Bst k-

r _ pr
Note: rst rts°

(E-31)

(E-32)

In the current problem of compression only, the only nonzero Christoffel

symbols are

1 _, 1 13

i L + 13

11 13

81,3 "8 833

3
I
~1
I

13 2 - 2 (g

I a3 11
33=2 T8 g5 3+ & (25 5 - 833 ,)

D
M, =T% =18 22,1

2 2 22
[P e
23 32 p €22,3

8 = 13 33
M= le gyt e (2, - ey, 5)]

S 1 E) -
My =% (&’ 8,1 " g 822,37

33

3 33
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83,1 ~ g11,3)]

3 237 o3B3 31 -
P33 =30 87 3,387 (2813 5 - g33,,)]

2,
=T33 =4Ts7 gy 5%8 &35,

\

_/

> . (E-33)
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Now the equilibrium equations Lecome

PR Than S R e B St el ¥ AL

T17To 11 g’ 32
331 3 11 1 e g2 (E-34a)
£ T m7 4 Tfgr + [y + Dot 0

and
B, 13, .:3.33,.3 13, 2 33,2 13
RN T USSR U P L S L

1 13 1 33 3 .11 3 22
+ _
rllT + I"Bl'r ik FllT + F227 =0. (E-34b)

(Note: The quantities underlined are those that contribute linear terms.)

The third cquilibrium is satisfied identically, as expected, since there is
no dependence upon angle § (axisymmetric). Now consider rewriting the
stress component in the form of linear terms plus the nonlinear contri-
bution. To do this, consider first the continuity equation from equations
(E-27) and (E-27a).

For convenience, the following notation will be used:

M 2u_ _
2r Ur’ 2z Ygro Siel, (E-35)
From equations (E-27) and (E-27a)
ile
Q+u) Q+tw,)-wu,=
r z' 2 N
or by
+ 4 . + 1) =
L+u) @+w) @+3) -w, ,, @A+3) =1L I
Expanding, this yields
w4+ %= + 4 + 4k u u
ur+ z! r (urwz' r¥s! rur+u~r Wt r+wr uz'(l+r)
or
+1 =
Ur +1"z' » . (E-37)
u n
where A =-u_w_, +%wz, +%ur tu W T oW ug 1+ r)'

Let (r,z) be initial coordinates and

(r',z') be final coordinates.
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Equilibrium equations are written with r and z as independent variables.
A location is then described by its initial coordinates; one then solves for
r' and z'. The stresses are expressed in the final coordinates; and onthe
traction-free boundary, the free inner and outer edge, the normal and
shear stresses, Cnhn and 0,4, are required to be zero. To express this

in terms of g pipinl| G, and O ,1,.1, which are in turn functions of the co-
Q

ordinates, one needs the boundary shape. That is, the quantity 5, is
needed where the boundary location is given as r = R. If a finite-differcence

o, -pT,
. . . : . . + -
method is to be employed, the derivative, 82, is equivalent to itl E .
dz 2, A
JHl hl
With this approach, the grid shape is constant and the equilibrium equa-
tions are written in the deformed coordinates, which is the more con-

venient form.
Now, if we let P = P' - (§ + 24), (E-38)
then expressions (E-30) yield

2

3N . i
L “ru ) [y o+ (Y- g - z)(1d)

T

2
g+Y (L+0) +(1+2, +w,

11 ? ' u
= (et ¥t 2v B () )+ [y + Plegm2it2 1 Pz T (gh2y)

+

2
2 o B o Uy A
(P'-$-2Y) (%) T+ 2w v+ 2wz,(u'-§-2:)+ 2wz,(P'-<I>-2‘r)[2 =l (= A
2 2 u .
+(wy, < +u, %) [y + (Pr-g=2v) (1+7) ).
o= oy 2-2R(p+2v) + 2w, (et2y) +P' 4B (E-39)

where
@ 28+ (Propa)®) + 2w, (P2 Y+ (B)2)
B_(r)‘y 2r —¢= r z! r r
2 2 u2
+ (w ,“+u %) [y + (pr-e-2¢)(1 +3)
Z Z r
Then

11 _ °
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and from continuity, equation (E-37),

or

also,

13

where

also,

22

= +-u = =
¢ =(w,, o) =u, = A

11
= 2(9 + ¥) ur+P'-2(<I>+‘¥)A+B

. l ; (E-41)
linear terms can nonlinear

identify Lame's contribution

constant

u=g ty

" 2
= - ( U — +

[y + (Pro-2¢) (1 + 3) [uy, +w, +uw, Tw v,

2 2
— & {'(Q + Y)(uz'+ wr) ¥ [P'(l +?) - (Q " 2Y)(2?+ (.1;1) )]

+ + + u u + :
[uz'+wr Up Uy Wrwz'] Y[r 23! wrwz']}

(8 +v) (u, +w)+C

linear teérms with nonlinear (E-42)
w=9e¢+Y contribution
u £ N u 2
= ~{[P7(1+ ~ (§t2 + (= u +wt+u +
[P+ B) = ()28 + )T Doy rwru w b,

+ ‘i’[ur u,, W, wz,]};

2 2
1 u u 2 2

= —— + =) + = + + + +
> {s (1 r) y(1 + r) [z + 2z u, zwz, u, tw g

2 u
r (l+r)

2 2
+ P1ad-
+wr+uz,] P1-%-2y]}

2
= L u 4
= 5 (28 (ev2t) + 2v(utw )+ P ()

2 u
r (1+r)

2 2 2 2 2
+
+ y[2 ‘-rl- + (l:',) ][Zur+ R S uz']}
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rom continuity u, wz' A o or
722 = = 2[2(¢+y)l'rl+P'+2\yA+D] (E-43)
r2 (1 + Ll)
& linear nonlinear

where
. 2 2 2 2
D=2y (ll) +y[2 2 +()][2u +2u +ur+wz'+wr+uz'],

’ I : .
It is seen here that the factor causes the linear terms in TZZ

2(1 +4)2
r

to be different from the exprcssion for 122 encountered in a linear analysis.

This is due to the fact that the physical and tensoral (T?‘Z) components of
the stress tensor are different. Their contribution in the equilibrium
equations, however, will be the same.

33

Also, from the similarity in the form of r and 'r“, the following is

immediatel:r obtained:
7 e +¥)w P -2+ ¥) A+E (E-44)
where
Uy 2 u uy -9 )[23+(B)2J
=) +27P+ (Pr-g-2¢) (7)) + 2u (Pr-2-2¥)[2 1+ (G

2
+ (2w + (Pree-20) (1 + ) )

and the first of the equilibrium equations, (E-34a and b), yields

2%u aw aC
By (st +
e Y)(a 12 3z'dr * dz'!

-
7w, dP' A |
2(¢+Y) s - s 3o a

2 (aay) 4 B, 2y ,
) SO [ J[ A +E)][2(6+“’) A 4 p1)

+ [L+ $31———-10-2 (e+9)A + B) -1/r [2(e+)8 + p1]
r

(1+2)
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1 e
‘;3.“1*##) G Y G e+ 00 2y B

(Bf') ][(l + 21+ %’ﬁ)]} {2(ety) 2+ P' + 2v A + D)

L 813 g
r2 1+ %)2 22,3

--}. (2y A+D] + [2(ety) f} + P' + 2Y A+ D)

+ [other nonlinear terms from expression E-34a ].

This equilibrium equation may be written

_il. 3 + 2 (gry) (0 - W)
+ (ety) (a z'ar) i E dr r
pe

2(8+y) L
ar

A B C
=2(e+y) 3 3 gr * % [ar

B

> G | R S Su + p!
L ) Jl2(mry) =2 %P ]

-1+ 2 —— ——12(s+¥) A - B] - L ra+an+ @&
I‘

(1+r)

2
B+ + 2]+ (285 P &HTE B+ Y

1 13
> 2 & 8333
r (l + %)

{2(3+y) +P'+2\yA+D}-%[2\yA+D]+

e 1=

24 grd 312 31 3 .31

u 1
[2(Q+\y)r+P'+2yA+D]+2I“ 31 32 33
5] ll 1 33 _
+ I“l3 + I‘33 a0 O'p
(E-45)
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ard the second of the equilibrium equations, (E-37b), vields

2
20+ ) TH+ 3ot v ) B By,

)
oz! B Bz

az'ar

oC

SO Su 8wy, C . 3y _ wuye__ 1
t sty (¢+Y)(az, + ar) +2t (ar -3 ]

r U
.+_
r(1 r)

du _y 3 .33 3 A3 .2 .33, .13
[(W)(az + ) HRC It 2r33 +-3r13 ] r32 e o

i 3343 a3 LRRo,

13 7 11 22
111
SRS — B Ab o L it e e

(E-46)
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